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ABSTRACT. Let k be an algebraically closed field of characteristic p > 0. Let W{k) 
be the ring of Witt vectors with coefficients in k. We prove a motivic conjecture of Milne 
that relates the etale cohomology with Zp coefficients to the crystalline cohomology with 
integral coefficients, in the wider context of p-divisible groups endowed with families of 
crystalline tensors over a finite, discrete valuation ring extension of W{k). The result 
extends work of Faltings. As a main new tool we construct global deformations of p- 
divisible groups endowed with crystalline tensors over certain regular, formally smooth 
schemes over W{k). 
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1. Introduction 

Let p G N be a prime. Let k he a, perfect field of characteristic p. Let W{k) be 
the ring of Witt vectors with coefficients in k. In this paper we study p-divisihle groups 
endowed with families of etale and crystalline tensors over (finite discrete valuation ring 
extensions of) W{k). We begin by introducing families of tensors. 

Let Spec(-R) be an affine scheme. For a finitely generated, projective i?-module 
A^, let N* := Homfj(A^, i?) and let GLn be the reductive group scheme over Spec(i2) of 
automorphisms of A^. For s G N U {0}, let N®^ :— N ®fj ■ ■ ■ ®ii N, the number of copies 
of N being s. By the essential tensor algebra of N we mean 



7{N) ■.= ®s,teNu{o}N'^-' ^rN 
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Let Xr E Rhe a non-divisor of 0. A family of tensors of 7{N[-^]) = 7{N)[^] is denoted 
{Wct)cee3j with S as the set of indices. The scalar extensions of Wq, are also denoted by Wa- 
Let A''! be another finitely generated, projective i?-module. Let {wi^a)ae3 be a family of 
tensors of T(Ai[^]) indexed by the same set 3- By an isomorphism 

we mean an i?-linear isomorphism f : N ^ Ni that extends naturally to an i?[^]-linear 
isomorphism T(A[— ]) ^T(Ai[— ]) that takes Wa to wi a for all a E 3- If £^ is a smooth, 
closed subgroup scheme of GLn, let Lie(£') be its Lie algebra over R. 

If I is a Spec(-R)-scheme (or a morphism of Spec(i?)-schemes or a p-divisible group 
over Spec(i?)) and if Spec(^) — > Spec(i?) is an affine morphism, we define := t Xspec(fl) 
Spec(^). Similarly we define (resp. fi), starting from (resp. with * an index). 

Let cr := at be the Frobenius automorphism of W{k) and B{k) induced from k. We 
fix an algebraic closure B(k) of B{k). For K a subfield of B{k) that contains B{k), let 
Gal(i^) := Gal(B{kj/K). 

1.1. On Indivisible groups over Spec{W (k)) endowed with tensors. Let D he a. 

p-divisible group over Spec(VF(A;)). Let {M,(f)) be the contravariant Dieudonne module of 
Dk. Thus M is a free VF(/c)-module whose rank rk^(fc)(M) equals to the height of D and 
is a (7-linear endomorphism of M such that we have pM C (j){M). Let be the direct 
summand of M that is the Hodge filtration defined by D. We have 0(M + ^F^) = M. 
The rank of F^ is the dimension of Dk- We refer to (M, F^, (/>) as the filtered Dieudonne 
module of D. Let (F*(M))j£{o,i,2} be the decreasing, exhaustive, and separated filtration 
of M defined by F'^{M) := 0,'f^{M) := F\ and F^{M) := M. Let (F^(M*))ie{-i,o,i} 
be the decreasing, exhaustive, and separated filtration of M* defined by F~^{M*) — M*, 
F^{M*) := {x e M*\x{F'^) = 0}, and F'^{M*) = 0. We endow T(M) with the tensor 
product filtration F'{7{M))iez defined by (F*(M)),e{o,i,2} and (F*(M*)),e{_i,o,i}. The 
decreasing, exhaustive, and separated filtration F*(T(M))jgz of 7{M) depends only on F^ 
and therefore we also call it the filtration o/T(M) defined by F^. 

For t e M*[i] let (/){t) := cr o J o e M*[i]. Thus (/) acts in the usual tensor 

product way on T(M[i]). Under the identification Endvi/(fc)(-^) — M ®vK(fc) -^*; 4' maps 
AG End B{k){M[^]) to (f)o A o(f)~'^ e End B{k){M[^]). Let (ta)a€a be a family of tensors of 
F"(T(M))[i] C 7{M[^]) which are fixed by 0; thus ta e {x e F^{7{M))[^]\(l){x) = x}). 
Let G be the schematic closure in GLm of the subgroup of GLj^^i-^ that fixes ta for all a e J. 

It is a flat, closed subgroup scheme of GLm such that we have 0(Lie(GB(fc))) = Lie(GB(fc))- 
Thus the pair (Lie{GB{k)): <P) is a Lie F-subisocrystal of (EndB(;s) (M[^]), 0). 

Quadruples of the form (M, 0, G, (tQ,)^^^) play key roles in the study of special fibres 
of good integral models of Shimura varieties of Hodge type in mixed characteristic {0,p) 
(see [LR], [Ko], and [Val, Sect. 5] for concrete situations with G a reductive group scheme). 

Let be the Cartier dual of D\ Let H'^iD) := Tp{D^j^^^^){-l) be the dual of the 
Tate-module Tp{DB(k)) of DB{k)- Thus H^{D) is a free Zp-module of rank rk|y(fc)(M) and 
Gdl{B{k)) acts on it. We disregard the Galois action whenever we consider GLhi(^]j^^^^b. 
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or pairs of the form {H^{D)®j^^R^ (t(;Q,)aGa); '^i^h i? as a Z^-algebra. Let Vq, e 7{H^{D)[^]) 
be the Gal(i?(fc))-invariant tensor that corresponds to ta via Fontaine comparison theory 
(see [Fo3, Subsect. 5.5], [Fa2, Sect. 6], Subsubsection 2.2.2, etc.). Let G^* be the schematic 
closure in GLh^{d) of the subgroup of Ci^//i(£))[i] that fixes for aU a e 0. The next 
definition plays a key role when p = 2. 

1.1.1. Definition. We say the property ( C) holds (for (M, (f), G)) if there exists no element 
h G G{W{k)) such that the Dieudonne module (M®vK(fe) W^(^); h,{4)®aj^)) over k has both 
Newton polygon slopes and 1 with positive multiplicities. 

The main goal of this paper is to construct global deformations oi the pairs (-D, (ta)aea) 
and {D, {va)aed) to use them to prove the following Main Theorem. 

1.2. Main Theorem. Suppose that k = k. If p = 2 we also assume that either is a 
torus or the property (C) holds. Then there exists an isomorphism 

p : (M, (t«)«Ga) ^ {H\D) W{k), (^a)aea)- 

1.3. Corollary. If p = 2, we assume that either G^^ is a torus or the property (C) holds. 

(a) Then the pulls hack to Spec{W{k)) of G and G^^ are isomorphic. In particular, 
G is smooth (resp. reductive) if and only if G^ is smooth (resp. reductive). 

(b) Let a e3- Then the tensor t^^ belongs to T(M) (resp. to 7{M) \ p7{M)) if and 
only if the tensor belongs to 7{H^{D)) (resp. to 7{H^{D))\p7{H^{D))). 

Let i E Zi. If t G F^{7{M))[^] is such that (j)^{t) = p^t^ then Fontaine comparison 
theory associates to t an etale Tate-cycle v G T(ifi(D)[i]) whose Z p-span is a Gal{B{k))- 
module isomorphic to Zp(— i). Strictly speaking v is unique up to i-th powers of units of 
Zp i.e., up to a choice of a generator /3o of a suitable free Zp-submodule of B~^{W{k)) of 
rank 1 (see Subsection 2.2 for the integral crystalline Fontaine ring B~^{W{k)) and for its 
Zp-submodule Zp/3o). We have the following equivalent form of the Main Theorem which 
involves also Tate-twists, in which all etale Tate-cycles are defined using a fixed generator 
(3o (see Subsubsection 2.2.2), and which is proved in Subsection 4.4. 

1.4. Corollary. We assume that k = k. If p — 2 we also assume that either 

is a torus or the property (C) holds. Let (ia)aegtwiat family of all tensors in the 

set {x G F*(T(M)) [i] |(/)(a;) = p'^x}. Let W be the family of all direct summands W 
of the W{k)-module T(M) which have finite ranks and for which we have an equality 
W = Y.^ez F*^^^ ^ F\7{M))). For a G atwist (resp. for G W) let (resp. W^') be 
the tensor of7{H^{D))[^] (resp. the direct summand of7{H^{D)) ) that corresponds to ta 
(resp. to W) via Fontaine comparison theory. Then there exists an isomorphism ptwist '• 
(M, (ta)aeatwi.t) ^ {H'^iD) ®Zp W{k), (^^a)ae0twist) ihe property that the isomorphism 
7{M)^7{H^{D) (8)z^ W{k)) induced by p maps each W eW onto W^^ W{k). 

The existence of p : (M, (ta)aGa) ^ (H^i^) W{k), {voOa^s) was conjectured by 
Milne if G|* is a reductive group scheme over Spec(Zp), D is the p-di visible group of 
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an abelian scheme A over Spec{W{k)), and each and are the de Rham component 
and the p-component of the etale component (respectively) of a Hodge cycle on AB{k) 
(see [De2, Sect. 2] for Hodge cycles). References to Milne's conjecture in the context of 
abelian schemes can be found in [Mi3, property (4.16.3) and Subsect. 4.23], an unpublished 
manuscript of Milne dated Aug. 1995 which worked with p » (see also [Mi4]), [Val, 
Rm. 5.6.5 and Conj. 5.6.6], [Va5], and [Va6]. In fact the conjecture [Val, Conj. 5.6.6] 
is a slight restatement of Milne's conjecture of 1995. In [Va5] and [Va6] we proved [Val, 
Conj. 5.6.6] in many cases. The methods used in [Va5] and [Va6] in connection to Milne's 
conjecture are very short and simple and of purely reductive group scheme theoretical 
nature. These methods can be viewed as refinements of [Ko, Lem. 7.2] and can be used 
to regain the Main Theorem only if the following two conditions hold: 

- G|* and G are reductive group schemes and G is generated by cocharacters of G 
that act on M via the trivial and the identical character of G^; 

- the maximal torus of the center of G is the maximal torus of the center of the 
double centralizer of G in either GLm or GSp{A4, Xm) (resp. or GSO{M,\m)), where 
Am '■ ^ ®w{k) ^ ~^ W{k) is an alternating bilinear form (resp. a symmetric bilinear form 
which modulo 2 is alternating) normalized by G and defined by an isomorphism D ^ D^. 

In Milne's motivic approach to the proof of the Langlands-Rapoport conjecture (of 
[Mi2, Conj. 4.4]) for Shimura varieties of Hodge type, Milne's conjecture plays a key role 
(see [Mi4], [Va6], and [Va8]). We recall that Shimura varieties of Hodge type are moduli 
spaces of polarized abelian schemes endowed with level structures and with (specializations 
of) Hodge cycles and, due to this, they are also the main testing ground for many parts of 
the Langlands program (like zeta functions, local correspondences). Thus the importance 
of Milne's conjecture stems mainly from its meaningful applications to the Langlands 
program in general and to Shimura varieties in particular. Though for p > 5, [Val] and [Va6] 
combined can suffice for applications to the Langlands-Rapoport conjecture for Shimura 
varieties of Hodge type, for refined applications one needs the much stronger result of the 
Main Theorem. In future works we will use the Main Theorem as follows: 

(i) To prove the existence of integral canonical models in mixed characteristics (0, 3) 
and (0, 2) of Shimura varieties of abelian type (see [Val] for definitions and for the analogue 
result in mixed characteristic (0,p) withp>5). See already [Va7]. 

(ii) To study different stratifications of special fibres of good integral models of 
Shimura varieties of abelian type (see already [Va3, Sect. 8] and [Va4]). 

(iii) To construct a comprehensive theory of automorphic vector bundles on integral 
canonical models of Shimura varieties of abelian type (presently this theory is not complete 
even for Siegel modular varieties, cf. end of [FC, Ch. VI, p. 238]). 

(iv) To get analogues of the Main Theorem and Corollary 1.3 for different motives 
associated to classes of polarized projective schemes whose moduli spaces are related to 
Shimura varieties (see [An] for such classes; we have in mind mainly the case of H^j.yg and 
H^^ groups of hyperkdhler schemes). 

Corollary 1.3 (b) is implied by Faltings' results [Fa2, Thm. 5 and Cor. 9] if and only 
ff we have t« e ®s,te{o,... ,p-2}{M^' ^wik) M*®*)[1]. 
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Both the Main Theorem and the Corollary 1.3 do not hold in general for p = 2 (like 

when D is isogenous but not isomorphic to Q2/Z2 © A*2°° and G is isomorphic to G^). 
Thus the Main Theorem and the different variants of it one can get based on its proof, are 
in essence the maximum one can prove for p = 2. 

1.5. On contents. The proof of the Main Theorem involves two steps. The first step 
shows that it is enough to prove the Main Theorem if G is a torus (see Subsection 3.5) and 
the second step proves the Main Theorem if G is a torus (see Subsections 4.1 and 4.2). 

The first step relies on the existence of global deformations of the pairs {D, {ta)ae3) 
and {D, (va)a&3) over certain regular, formally smooth Spcc(VF(fc))-schemes whose special 
fibres are connected and have a Zariski dense set of /c- valued points. Based on [Fal, 
Thm. 7.1] and on a variant of it for p — 2, the existence of such deformations boils down 
to proving the existence of certain integrable and nilpotent modulo p connections (see 
Subsection 3.4). See Lemma 3.1.3 and Theorem 3.2 for our basic results which pertain to 
connections and see Subsection 3.3 for their proofs. Though these global deformations are 
of interest in their own (for instance, they can be used to solve essentially any specialization 
problem which pertains to pairs of the form {D^, {ta)aed)): here we will use them only to 
accomplish the first step. 

The second step relies on the integral version of Fontaine comparison theory studied 
in [Fa2, Sect. 4] and it involves a non-trivial reduction to the Luhin-Tate case in which 
k = has rank 1, the F-isocrystal (M[^], 0) over k is simple, and G is a torus. It is 

easy to prove Theorem 1.2 in the Lubin-Tate case, cf. Example 4.1.3 and Lemma 4.2.1. 

Section 2 gathers prerequisites for Sections 3 to 5. Corollary 1.4 is proved in Subsec- 
tion 4.4. See Subsections 4.3 and 4.5 and Section 5 for variants and complements to the 
Main Theorem and Corollary 1.3. Here we only add that any natural variant of the Main 
Theorem which is over the spectrum of a finite, totally ramified discrete valuation ring ex- 
tension of W{k) and which involves a setting one expects to be deformable to Spec(VF(/c)), 
follows from the Main Theorem and from a refinement of the deformation theory of [Fa2, 
Ch. 7] (see Subsections 5.2 to 5.4). Analogues of the Main Theorem do not exist in general 
for those ramified settings that are not deformable to Spec{W{k)), cf. Subsection 5.5. 

2. Preliminaries 

See Subsection 2.1 for conventions and notations to be used throughout the paper. In 
Subsections 2.2 and 2.3 we recall some facts which pertain to Fontaine comparison theories 
and to Faltings-Fontaine categories. In Subsection 2.4 we introduce Artin-Schreier systems 
of equations. They play a key role in Section 3. In Subsections 2.5 to 2.7 we include few 
simple group scheme theoretical properties. 

2.1. Conventions and notations. If fi and /2 are endomorphisms of a group, we often 
denote /i o /a by /1/2. For n G N let W„(/c) := W (k) / p'^W (k) . Let be the p-adic 
completion of a commutative, fiat VF(/c) -algebra R. If F = Spec(-R) let :— Spec(i?^). 
By a Frobenius lift of R^ (resp. of Y^) we mean an endomorphism of i?^ (resp. of Y^) 
that lifts the Frobenius endomorphism of R/pR (resp. of Yj^ = Yk). If my : Y ^ Y is 
a morphism of Spec(iy(A;))-schemes, then by its special fibre we mean Yk Yk, by its 
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generic fibre we mean ^^(A;) ^b(A;)) ^^id by my modulo p"' we mean Y^^(;j-) — > Y"^^ 
If Spec(i2) — > Spec(i?) is an affine morphism between affine, flat -schemes, then 

whenever we say that it (or the induced VF(/c)-homomorphism R R) is formally smooth 
(or etale), both the VF(/c)-algebras R and R are endowed with the p-adic topology. Let 
R/pR^P^ be R/pR but viewed as an i?/|)i?-algebra via the Frobenius endomorphism of 
R/pR. If R is the completion of R with respect to an ideal I of R that contains p and 
if Spf(i2) is the corresponding formal scheme, then we identify canonically the Zp-linear 
categories of p-divisible groups over Spec(i?) and respectively over Spf(i?) (cf. [Me, Ch. 
II, Lem. 4.16]); thus we will often use the Grothendicck-Messing deformation theory of 
[Me, Ch. 5] to lift p-divisible groups over Spec(-R//) to p-divisible groups over Spec(-R). 

Let S{p) be the natural divided power structure from characteristic of the ideal 
(p) of either R or R/p'^R. Let CRIS{Yk/^^ec{W{k))) be the Berthelot crystalline site 
of [Be, Ch. Ill, Sect. 4]. In what follows, it is convenient to call both pairs (Y^ 
IV^^(fc), 5(p)) and (Yfc > Y'^,6{p)) as thickenings, even though only the first pair is a 
thickening (i.e., an epaississement d puissances divisess) in the sense of [Be, Ch. Ill, Def. 
1.1.1]. For Dieudonne crystals on CRIS{Yk/Spec{W{k))) of either p-divisible groups or 
finite, flat, commutative group schemes annihilated by a power of p over Yfc, wc refer to 
[BBM, Ch. 3] and [BM, Chs. 2 and 3]. If Vy^ is a p-divisible group over Yk and if is 
a fixed Frobenius lift of R^ compatible with a, then by the evaluation {N, $7v. Vat) of the 
Dieudonne crystal ©(DyJ on CRIS{Yk/Spec{W{k))) at the thickening (Yk ^ Y^,6{p)) 
we mean the projective limit indexed by n of the evaluation of D(!Dy^,) at the thickening 
(Yfc ^ ^P7„(fc)5 ^{p)) of CRIS{Yk/Spec{W (k))), the Verschiebung maps being disregarded. 
Thus is a projective i?^-module, is a <I>7j-linear endomorphism of A^, and Vat is an 
integrable, nilpotent modulo p connection on A^. By the filtered Dieudonne crystal of a 
p-divisible group T> over Y we mean D(!Dy^) endowed with the Hodge filtration defined 
by D; thus the evaluation of the mentioned filtered Dieudonne crystal at the thickening 
(Yfc ^ Y^, 5{p)) is the quadruple (A^, F^, $Ar, Vjv), where C A^ is the Hodge filtration 
defined by D. We recall that N/p^N is the Lie algebra of the universal vector extension 
of the Cartier dual ^ of Dy^^^^^, cf. [BM, Cor. 3.2.11] and [Me, Ch. 4]. 

Let Ka be the field of fractions of a Z-algebra A that is an integral domain. Let 
W{k) be the normalization of W{k) in B{k). Let V{k) := W{kf. Let K{k) := V{k)[^]. 

The notations D, (M, 0), F^, {ta)aedj ^i {'^a)ae3i ^^'^ ^^^^ t)e as in Subsection 

1.1. Let n : Grn G he 0, cocharacter that produces a direct sum decomposition M = 
pi F° such that 5 e Qrn{W{^)) ^^^^ through jj, on as the multiplication with 

i e {0, 1}. For instance, we can take n to be the factorization through G of the inverse 
of the canonical split cocharacter //can '■ '^m GLm of (M, F^, (p) defined in [Wi, p. 512] 
(the cocharacter //can fixes each ta, cf. the functorial aspects of [Wi, p. 513]). 

2.2. Fontaine comparison theory. For the review included in this Subsection we 
refer to [Fo2] and [Fa2, Sect. 2]. Let K he a finite, totally ramified field extension of 
B{k). Let V he the ring of integers of K i.e., the normalization of W{k) in K. Let 
e :— [V : W{k)]. Let TTy he a uniformizer of V. Let X be a free variable. The minimal 
polynomial /e G VF(A;)[X] of Try over W{k) is an Eisenstein polynomial. Let Se he the 
W^(A;)[[X]]-subalgebra of B{k)[[X]] generated by aU ^ with n e NU{0}; it is the divided 
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power hull of any one of the ideals (X^), (/g), or {p,X'^) = {p, fe) of Let Jg 

(resp. Ke) be the ideal of Sg generated by all (resp. by all with n G N. Let 

Re := 5"^. By mapping X to ttv, we get identifications V = W{k)[X]/ (fe) = Se/Je and 
a VF(A;)-epimorphism ey '■ Re ^ V- Let Re be the completion of 5*6 with respect to the 
decreasing filtration given by its ideals n G NU {0}. Thus Re = proj.lim.„£N'S'e/-ftri"^'. 
We recall that K^^ := Se and that for n>l the ideal of Se is generated by all products 
■ ■ ■ with 5i, . . . ,Sm G Ke and with m, ai, . . . , am G N U {0} such that we have 
ai + ■ ■ ■ + ttm > n. If m G N, m > n, then we have G If p > 2, then Re is also 

the completion of 5*6 with respect to its decreasing filtration ( jl"')n6Nu{o}; thus for p > 2 
we have as well a VF(/c)-epimorphism ey ■ Re ^ V that takes X to Try. 

The W{k)-algehra Re (resp. Re) consists of formal power series E„>oanX"' such 
that the sequence ([f ]!an)neNn{o} is formed by elements of W{k) (resp. is formed by 
elements of W{k) and converges to 0). Let be the Frobenius lift of Re, or R^ that 

[ — 1! 

is compatible with a and such that ^k{X) = X^. The sequence (■'p:[f)neN of integers in 

W{k) converges to in the p-adic topology and thus we have ^kiRe) Q Re- We have 
VF(A;)-epimorphisms from 5*6, Re, and Re onto W{k) defined by the rule E„>oanX" ao- 

Let Ak be the perfect integral domain of sequences (ic„)^gi^LJ{o} of ^(^) /pV{k) which 
satisfy the identity = for all n G N. The Galois group Gal{B{k)) acts on V{k) and 
thus also on A^. The Gal(i?(/c))-module Qp(l) can be identified with sequences (?7n)neNu{o} 
of p-power roots of unity of V{k) which satisfy the identity r]n-i = Vn n G N. 

Taking such sequences modulo p, we get a group homomorphism 7/.: Qp(l) — » Gm{Ak) that 
respects the Galois actions. For an element z G V{k), we choose a sequence {z{n))neNu{o} 
of elements of V{k) with the properties that ^(0) = z and that z{n — 1) = z{nY for all 
n G N. Taking this sequence modulo p we obtain an element z_E A^, well defined by z up 
to multiplication with an element of 7fc(Zp(l)). If a; G V{k)/pV{k) let x G V{k) be a lift 
of it. As Ak is an integral domain, the ring W{A]^) of Witt vectors with coefficients in A]^ 
is also an integral domain. 

Let Sk'- W{Ak) y{k) be the VF(A;)-epimorphism defined by the rule 

Sk{{xo,Xt,...)) = Y,P''^^n\ 
n>0 

where {xn,m)meNu{o} is the sequence of elements of V{k)/pV{k) that defines Xn G A^ and 

where xl^^ is the p-adic limit in V{k) of the sequence (5n,n+m)meNu{0} (this limit does 
not depend on the choice of the lifts Xn,n+m^s). We have Sfc(/(7ry, 0, 0, . . . )) = /{ttv) = 0. 
Let 

eo:=(p,^^0,...)GM^(Afc). 

We have Sk{Co) = p—p = 0. Thus both ^0 and /(tij/, 0, 0, ... ) belong to Ker(sfc). Obviously 
the kernel of Sk modulo p is generated by either ^0 modulo p or by /(tij/, 0, 0, ... ) modulo 
p. From the last two sentences we get that either ^0 or f{ny_, 0, 0, ... ) generates Ker(s;;). 

Let W+{Ak) be the divided power hull of the ideal Ker(s/s) of W{Ak) i.e., the W{Ak)- 
subalgebra of the field of fractions of W{Ak) generated by all ^ with n G N U {0}. 
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Let B'^{W{k)) := W'^{Ak)^ be the integral crystalline Fontaine ring; it is a p-adically 
complete integral domain that is a VF"'"(Afc)-algebra and thus also a VF(/c)-algcbra. The 
VF( A;) -algebra B~^{W{k)) has a decreasing filtration {F'^{B~^ {W{k))))neNu{o} by ideals, 
where F'^(B~^(W{k))) is the p-adic completion of Ker(s;;j)["^]. The group Ga\{B{k)) acts 
on the filtered VF(/c) -algebra B~^{W{k)). We denote also by Sk the VF(/c)-epimorphism 

Sk : B+{W{k)) B+{W{k))/F\B+{W{k))) = V{k). 

induced naturally by Sk W{Ak) -» V{k). 

As Ak is a perfect integral domain, we have a Teichmiiller monomorphism Gm{Ak) ^ 
'^m{W{Ak)). Composing the restriction of 'jk to Zip(l) with this Teichmiiller monomor- 
phism, we get a homomorphism tfc : Zp(l) — >• Grn{W{Ak)). Let Vk : Zp(l) ^ Gm(-B+(VF(A;))) 
be the composite of tk with the natural monomorphism Gm{W{Ak)) > Grn{B^{W{k))). 
The composite s/. o Vk is the trivial homomorphism Zp(l) — > Thus let 

pk:M^)^F\B+{W{k))) 

be the homomorphism obtained by taking log of Vk- Throughout the paper we fix a 
generator of the free Zp-module Im(/3fc) of rank one. As Ker(sfc) has a divided power 

structure, we have ^ G B+{W{k)). Therefore B+{W{k))[^] is a i?( A;) -algebra. 

There exists a W( A;) -monomorphism : Re ^ B^{W{k)) defined by the rule: 
X (7ry,0, 0, ...) e M^(Afe). As $fc(^o) G pW^(^fc), the canonical Frobenius lift of 
W{Ak) extends to a Frobenius lift ^k of -B+(VF(/c)) (it makes sense to denote it also by 
as all VF(A;)-monomorphisms respect Frobenius lifts). We have ^k° = pPk- As 
B+{W{k))/F''{B+{W{k))) is :?>adically complete, the ;y(^fc)-algebras 

B++{W{k)) := pToi.\iin.nenB+{W{k))/F^{B+{W{k))) 

and 

proj.lim.^eNVr+(Afc)/F-(5+(iy(A;))) n W+iAk) 

are naturally identified. The VF(Afc) -monomorphism B~^{W{k)) ^ B~^~^{W{k)) gives 
birth for each n G N to an identification 

F^'iB+iWik))) = B+{W{k)) n KeT{B++{W{k)) B+{W{k))/F''{B+{W{k)))). 

2.2.1. Key facts. Let e Ak be the reduction modulo p of £ W^(^fc)- We have 
isomorphisms 

gi^) : B+{W{k))/{FP{B+{W{k)))+pB+{W{k))) = = ^^/(O ^ F(fc)/pV(A;), 

where all except the last one are canonical identifications and where the last isomorphism 
is defined by the epimorphism Ak V{k)/pV{k) that takes {xn)nef^u{o} ^ to xi (see 

[Fal, Sect. 2, p. 30] and [Fa2, Sect. 4, top of p. 126]). The isomorphism q^^^ is defined 
naturally by a M^( A;) -epimorphism 

Qk : B+{Wik)) ^Vik)/pVik). 
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We fix a p-th root pp of p such that Qki^o) is pp modulo p; thus, if (iCn)neNu{o} ^ 
defines p, then xi is pp modulo p. For z e {1, . . . ,p — 1}, the ideal qk{F'^{B'^{W{k)))) 

of V{k)/pV{k) is generated by modulo p. Let : F\B+{W{k))) B+{W{k)) be 
the map defined by the rule: if x G F^{B~^{W{k))), then we have an equality ^k{x) = 
p^ikix). As $fc(eo) = (pP, , 0, . . . ), we easily get that $fe(^o) - P^E - 0, . . . ) e 

p'^W{Ak). As ^ e FP{B~^{W{k))) and as (—1)^ and —1 are congruent modulo p, we get 

that $u(^o) - (^^',0,0,...) e Ker(9fc). Thus the Frobenius lift $fc of B+{W{k)) and 
the $fc-linear map $ifc become under gfc the Frobenius endomorphism $/t of y(A;)/py(/c) 

and respectively the map $ifc : ppV{k)/pV{k) V{k)/pV{k) that takes a; modulo p to 
{—xY (equivalently to —x^) modulo p; here x G V{k). Let 

D(5+(W^(A;))/p5+(W^(A;))) 

be the reduction of {B+ {W (k)) , F^ {B+ {W {k))) , $ifc) modulo p. Also let 

B{V{k)/pVik)) := 

Let grO := V{k) = F^{B+{W{k)))/F\B+{W{k))). The y(fc)-module 

gr^ := F\B+{W{k)))/F^{B+{W{k))) 

is generated by the image of in gr^- As gr^ is torsion free, we get that gr^ is free 
of rank 1. The image /3i of /3o in gr^ is Ai^i, where Ai G V{k) is a Gm(V^(fc))-multiple 
of a p — 1-th root of p (cf. [Fo2, Subsubsects. 5.1.2 and 5.2.4] where the pair (/^Oi^o) is 
denoted as (t,^). This implies that Qkif^o) is Qki^o) times a Grn{V (k) / pV {k))-m.ultiple of 
the reduction modulo p of a p(p — l)-th root of p. As ^ + p(^p_i^ — : we get that qk{Po) 
is the image in V{k)/pV{k) of a Gm^(y(A;))-multiple of a p — 1-th root of p. 

2.2.2. Applications to D. We use the notations of Subsection 1.1. Let (F*(if^(_D)))i£{o,i} 
be the filtration of H\D) defined by F\H\D)) := and F^{H\D)) := H\D). We 
endow M with the trivial Gal(S(A;))-action. 

The Fontaine comparison theory provides us with a S+(VF(A;))-linear monomorphism 

(1) ID : M B+{W{k)) ifi(I)) S+(Vr(A;)) 

that respects the tensor product filtrations and the Galois actions. Following [Fa2, Sect. 
6], wc recall how io is constructed. Let j : Qp/Zp — ^ F)y(^k-^ be a homomorphism of 
p-divisible groups over Spec(F(/c)). For n G N let 5'^"^ be the natural divided power 
structure of the ideal lm{F^ {B+ {W {k)) + pB+{W{k)) B+ {W {k)) / p^ B+ {W {k))) of 
B+{W{k))/p''B+{W{k)). By evaluating D(j) at the thickening (Spec(y(/c)/pF(/c)) ^ 
Spec(S+(M^(A;))/p"S+(M^(/c))),5^^'^), we get a S+(W^(/c))/p'^S+(W^(/c))-linear map 
M/p"M®vF„(fc) S+(M^(A;))/p"S+(M^(/c)) B+ {W {k)) / p"" B+ {W {k)) . Passing to limit 
n ^ oo we get a S+(M^(A;)) -linear map M ®w{k) B+{W{k)) B+{W{k)) i.e., an el- 
ement of M* ®w{k) B^{W{k)). Varying j we get a 5+(VF(A;))-linear monomorphism 
z|5 : Tp{DB(k)) ®-L^ B+{W{k)) ^ M* 0w{k) B+{W{k)). The dual of i}^ is id- 
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We check that Po annihilates Coker(z£)) and Coker(i^). Considering homomorphisms 
Qp/Zp Dv{k) ~^ A*p°°5 it is enough to handle the case when D = /U^, with m G N. In 
this case we have Im(z£)) = H^{D)i^i^(3QB~^{W{k)), cf. the definition of (3k and [BM, Cor. 
2.2.4]; thus (3o annihilates Coker(i£)). By duality, we get that (3o annihilates Coker(i^). 

The S+(VF(/c))-linear monomorphism id is strict with respect to filtrations, cf. [Fa2, 
Thms. 5 and 7] and [Fa2, Ch. 8] (due to the paragraph before Subsubsection 2.2.1, to 
check this property it is irrelevant if we use or its tensorization over B~^{W{k)) with 
B~^~^ {W (k))) . This strictness property implies that the V(A;)-linear map 

(2) jn : ^w(k) gr' ® ^w(k) gr° ^ {D) gr' 

defined by at the level of one gradings, is injective. As Coker(zD) is annihilated by /?o, 
Coker(j/)) is annihilated by the element Ai G V{k) of Subsubsection 2.2.1. 

The category of crystalline representations of Gal{B{k)) over Qp is stable under 
tensor products and duals, cf. [Fo3, Subsect. 5.5]. This implies that there exists a 
tensor Va G 7{H^ {D)[^]) that corresponds to ta via the 5+(VF(A;))[^]-linear isomorphism 
nM[^]) ®Bik) B+{Wik))[j^]^7{H^D)[^]) B+{W{k))[j^] defined by z^[^]. The 
tensor Vq, is fixed by Gal(i?(/c)). 

Let /ican(/3o"^) be the S+(W(A;))[^]-linear automorphism of M ^w(^k)B+{W{k))[^] 
defined by the evaluation of the cocharacter f^can '■ Gm ^ G at /3q^. If z G Z and t G 
{x G F'{7{M))[^]\(j){x) = p'x}, then the S+(Vl^(/c))[^]-linear isomorphism T(M) 0wik) 
B+{W{k))[j^]^7{H^{D)) B+{W{k))[j^] defined by zz,[^] o /Xean(/9o"') takes t to 
a tensor v G 7{H^{D))[^] whose Zp-span < f > is a Gal(i?(/c))-module isomorphic to 
Zp(— i). We say that v corresponds (or is associated) to t via Fontaine comparison theory 
for D (and via the choice of the generator Pq of the free Zp-module Im(/3fc)). 

Let VF be a direct summand of the VF(/c)-module 7{M) which has finite rank and 
for which we have an identity W = Xliez ^^(^ F^{7{M))). Then Fontaine com- 
parison theory show that there exists a unique direct summand W^^ of 7{H^{D)) such 
that the S+(W^(A;)) [^]-linear isomorphism 7{M) (g)w{k) B+{W{k))[j^] ^7{H\D)) 

B^{W{k))[j^] defined by iz5[^] raa^sW ®wi.k)B+{W{k))[j^] to W-*®z, S+(W-(fc)) [^]. 

2.2.3. Lemma. We recall that D is a p-divisible group over Spec{W{k)). If p = 2, 
we assume that either Dk or D\ is connected. Then D is uniquely determined up to 
isomorphism by its filtered Dieudonne module (M, F^, 0) and the natural homomorphism of 
Zp-algebras End{DyPT^ = End{D^) = End{H^{D)) End{{M, F^, (/>)) is an isomorphism. 

Proof: The classical Dieudonne theory says that is uniquely determined up to iso- 
morphism by (M, </)) and that the natural homomorphism End(£)fc)°PP = End(D^) — > 
End((M, (p)) is an isomorphism (see [Dem, Ch. Ill, Sect. 8, Thm.], [Fol, Ch. Ill, p. 128 or 
p. 153], etc.). Thus for p > 2 the Lemma follows from Grothendieck-Messing deformation 
theory (see also [Fa2, Thm. 5] or Theorem 2.3.4 below). For p>2 the Lemma (as well as 
Proposition 2.2.4 below) can be deduced from [Fol, Ch. IV, 1.6, p. 186]. As loc. cit. is 
stated in terms of Honda triples of the form (M, 0(|F^), 0), we include here a proof of the 
Lemma for p = 2 that appeals to Subsubsection 2.2.2. 
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Suppose that p = 2; thus p — 1 = 1. As Ai e 2Gm{V{k)), 2 annihilates Coker(_7£)). 

It suffices to prove the Lemma under the assumption that D): is connected. Let Di be 
another 2-divisible group over Spec(VF(/c)) that has (M, F^,^) as its filtered Dieudonne 
module. As 2 annihilates both Coker{jD) and Coker(j£)J, via either or in-^ we can 
identify H^{Di) with a Z2-submodule of ^H^iD) that contains 2H^{D). 

We show that the assumption H^{D) ^ H^{Di) leads to a contradiction. We can 
assume k = k. Let -D*^* and Df^ be the maximal etale 2-divisible groups that are quotients 
of D and Di (respectively). Their filtered Dieudonne modules are (Mq, 0, (p), where Mq = 
n„£P^(/)"(M) is the maximal direct summand of M that is VF(/e)-generated by elements 
fixed by (p. Let ro G N U {0} be the rank of Mq. Let {ai, . . . , Or-} be a W{k)-hasis 
for M formed by elements of U F° and such that we have 0(ai) = Oj if z<ro; this 
makes sense as the canonical split cocharacter /ican '■ G of (M,F^,(f)) fixes all 

elements of M fixed by (/) (cf. the functorial aspects of [Wi, p. 513]). As ij^^t and ij-^^t are 

isomorphisms, H^{D^^) — H^{D'^) is a direct summand of both H^{D) and H^{Di). Let 
X e H^{D)nH^{Di) be such that Z2X® H^iD''^) is a direct summand of (D) f] (Di) 
and is a direct summand of precisely one of the Z2-modules H^{D) and H^(Di). To 
fix the ideas we assume that f e -H'^(F') \ H^{Di). As f/?o e ioiM 0w{k) B+{W{k))), 
we can write f /3o = *-D(X]i=i '^i ® where a, e 5"''(iy(A;)). Let Q!° e gr^ be modulo 
F^(i?+(VF(/c))). As is strict with respect to filtrations, we have ai G F^{B~^{W{k))) for 
each i G {1, ... , r} such that G -F*^. One can check that in fact we have Po G 2B~^ {W (k)) , 
cf. [Fol, top of p. 79]. Either from this or from the fact that Ai G 2Gm{V{k)) we get 
that the image of f/3o = e H\Di) B+{W{k))[l] in H\Di) grM|] belongs 
to H^{Di) (8)^2 gr"*^ and generates a direct summand which when tensored with k does not 
belong to H^{D^*) gr-*^ ®v{k) k- Thus there exists iq G {vq + 1, . . . , r} such that: 

(i) either G and G G^(S+(W^(A;))) 

(ii) or G F° and joA'^io ® <^io) S^^i^rates a direct summand of H^{Di) gr-^ 
which when tensored with k does not belong to H^{Dl^) gr^ ®v{k) k- 

We first assume that (i) holds. As ^k{Po) = 2/?o, for n G N we have <P^{0'i) ® 

= (2"f/5o) G 2"M®vK(fc) S+(l^(fc)). As e Gm{B+{W{k))) and as 

{(/)'^(ai), . . . , 0"'(ar)} is a i?(/c)-basis for M[^] formed by elements of M \ 2"+^M, we get 
that (/)"(aiQ) is divisible by 2"^. Taking n » 0, this implies that (M.cp) has Newton 
polygon slope 1 with positive multiplicity. Thus is not connected. Contradiction. 

We assume that (ii) holds. Due to the property enjoyed by joiittio ®ct°^), the image 

of iDiiciio ® 1) in H^{Di) k does not belong to H^{Df) k. This statement holds 
also if is replaced by (^'^{ai^). Taking n >> 0, we get that (M, 0) has Newton polygon 
slope with multiplicity at least tq + 1. This contradicts the definition of tq. 

Thus H^{D) = H^{Di). Therefore D = Di, cf. a classical theorem of Tate. The 
standard trick of replacing F> by -D©-D shows that to prove that End(i/^(-D)) surjects onto 
End((M, F^, 0)), it suffices to show that each automorphism a of (M, F^^cj)) is the image 
of an automorphism of H^{D). We identify a via ^d[;J^] with a Galois automorphism a^* : 
H^{D)[\]^H^{D)[\]. An argument similar to the one above shows that the assumption 
H^{D) a^\H^{p)) leads to a contradiction. Thus H^{p) = a^\H^{D)) and therefore 
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a is the image of the automorphism a^* of H^{D). □ 

2.2.4. Proposition. Suppose that p = 2 and either or D\. is connected. Then each 
direct summand of M that lifts /2F^ , is the Hodge filtration of a 2-divisible group 
D over Spec{W{k)) that lifts D^- Moreover, D is unique (up to a unique isomorphism). 

Proof: The divided power structure of the ideal (4) of W{k) is nilpotent modulo (2"^) for 
all n > 2. Thus based on Grothendieck-Messing deformation theory, it suffices to show that 
there exists a unique lift Dy^^(^k) of Dk to Spec(VF2(/^)) whose Hodge filtration is F^ /AF^. 

Let d be the product of the dimensions of and -D^. Let D^^" be the universal 
2-divisible group over the deformation space D oi D^, cf. [II, Cor. 4.8 (i)]. We view D as 
a scheme naturally identified with Spec(VF(A;)[[a;i, . . . , Xd\]) and not as a formal scheme of 
the form Spf(VF(A;)[[a;i, . . . ,a;d]]), cf. Subsection 2.1. Let R^'^^ be the 2-adic completion of 
the divided power hull of the maximal ideal of . . . , x^]]. Let ^2'^'* be the natural 

divided power structure of the maximal ideal of R'^'^\ Let ^^.(d) be the Frobenius lift of 
R^'^'' that is compatible with a and that takes Xi to xf for alH G {1, . . . ,d}. The evaluation 
of the filtered Dieudonne crystal of -0^"^^ at the thickening (Spec(/c) ■— > Spec(-R*^'^)), 5^^) is 
defined as in Subsection 2.1 and it is {M®y^(^^^ R^'^'^ , F^^^^, 0®$jj(d) , ^o), where Sq is the flat 
connection on M <S>w{k) R^^'' that annihilates M 1 and where -Funiv ^ direct summand 
of M(S>w(k) R^"^^ that lifts F^/2F^. Let A^^^ (resp. Afj^^) be the d dimensional affine space 
over Spec(fc) that parametrizes lifts of to Spec(VF2(^)) (resp. lifts of F^ /2F'^ to direct 
summands of M/4M), the origin corresponding to ^^^^^(fc) (resp. to F^/AF^). 

The existence of F^^^^ implies that there exists a morphism m '■ ^dei ^ '^ilft which 
on /c- valued points takes a lift of to Spec(W2(/^)) to the direct summand of M/AM that 
is the Hodge filtration of this lift. We know that m^j. (k) is injective, cf. Lemma 2.2.3 and 
the beginning of this proof. As m^^ is the pull back of to a morphism of Spec(fc)- 
schemes, m/^^ (A;) is also injective. Thus the morphism mo^, is quasi-finite, (due to reasons 
of dimensions) dominant, and generically purely inseparable. In particular, A^g£ is an open 
subscheme of the normalization B^^^ of Afj^^ in the field of fractions of A^^^, cf. Zariski 
Main theorem (see [Ral, Ch. IV]). We show that the assumption A^^j ^ B^^j leads to 
a contradiction. From [Ma, Subsect. (17. H), Thm. 38] we easily get that B^^j- \ A^^^ is 
purely of codimension 1 in B^^^ and thus contains an irreducible divisor of B^^^. As is 
generically purely inseparable, such a divisor is the reduced scheme of the pull back of an 
irreducible divisor C of AJ?^^. As a polynomial ring over A; is a unique factorization domain, 
C is the principal divisor of a global function / of Afj^^ that does not belong to k. We get 
that the polynomial ring over k of global functions of AJ^^^ has an invertible element / that 
does not belong to k. Contradiction. Therefore A^^^ = B^^^. 

Thus the morphism tocj. is finite. As niD,, is also generically purely inseparable and 
as A(j£^ is normal, m^)^ is in fact a finite, purely inseparable morphism. As k perfect, this 
implies that the map mokik) is surjective. As mD^{k) is also injective, the map mokik) 
is a bijection. Thus i)vK2(A;) exists and it is unique. □ 

2.3. Smooth Faltings— Fontaine theory. Let Rqq be a smooth VF(A;)-algebra. Let Rq 
be a regular, formally smooth i?oo-algebra. The main examples of interest are ind-etale 
algebras over i?oo or different completions of them. We recall that an ind-etale algebra 
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over Rqq is the direct limit of a functor from a filtered category (see [Mil, App. A]) to the 
category of etale i?oo-algebras. Let R be either Rq or Rq. Let be a Frobenius lift of 
R^ = Rq that is compatible with a. 

Until Subsubsection 2.3.2 we will assume that Rq and Rq/pRq are integral domains; 
thus R is also an integral domain. Let be the maximal field extension of Kn such 
that the normalization ^ of i? in has the property that Spec(^[^]) is a pro-etale 

cover of Spec(-R[|]). The field extension Kji ^ is a pro-finite Galois extension (see 
[Gr, Exp. V, Prop. 8.2]) and thus the notations match (i.e., is the field of fractions 
of R). Let A^ipji := proj.lim.^gi^^/p^, the transition homomorphisms being Frobenius 
endomorphisms. Using Aji/pji as a substitute of A^, one constructs i?-homomorphisms 
SR/pR ■■ W{Aii/pii) R^ and 

sr/pr:B+{R)^R^ 

which are the analogous to ■ W{Af;) — > V{k) and ■ B~^{W{k)) — > V{k) of Subsection 
2.2 (if i? is a smooth l^(fc)-algebra, then this construction was first performed in [Fal, 
Sect. 2]; see [Fa3] for other general forms of it). The M^(/c) -algebra B~^{R) is equipped 
with a Frobenius lift ^R/pR, a decreasing and separated filtration F'^{B~^{R))n^f^u^Qy, 
and a Gal(K^/Kij)-action that respects the filtration. Though Ajijp^, sji/pn, and ^R/pR 
depend only on R/pR, they are not always uniquely determined but R/pR. However, to 
ease and uniformize notations, we will use the lower right index R/pR and not R/pR. 

We identify W{k) with the normalization of W{k) in R. We have a canonical W(k)- 
monomorphism B~^ {W (k)) B^{R) that respects the Frobenius lifts and the filtrations. 
In particular, both /3o and are naturally identified with elements of F^{B^[R)). 

2.3.1. Lemma, (a) The R-homomorphism Sji/pji : VF(^i?/pi?) — ^ R^ is onto. 

(b) The kernel of the R-epimorphism Sn/pn : W{Aji/pji) -» R'^ is generated by ^q. 

Proof: Part (a) is due in essence to Faltings. Here is a slight modification of his arguments. 
It is enough to show that sji/pn modulo p is onto and thus that the Frobenius endomor- 

phism of R/pR is onto. We fix a 2p-th root p^ of p in V{k). Let y E R. The ^-algebra 
Ry := R[z]/{zP — p2z — y) is finite and after inverting p becomes etale, cf. proof of [Fa3, 
p. 219, Lem. 5]. The -R-algebra Ry has a section Ry -» R, cf. the very definition of R. 
Thus there exists s{y) E R such that s{y)P — p^s{y) — y = 0. A simple calculation shows 
that s{y)'P — s{s{y))]P — y E pR. Therefore y modulo p has a p-th. root in R/pR. Thus 
sr/pr is onto. The proof of (b) is the same as for the case R = W{k). □ 

2.3.2. Categories M?"^ j^j(-R) and M5'[o,i](-R). In this Subsubsection we do not assume 
that Rq and Rq/pRq are integral domains. Let d^R/p : fii?A/^(fc) — > ^R^/w{k) be the 
differential of ^r divided by p. Let M?"^ ^ (R) be the Faltings-Fontaine Zp-linear category 
defined as follows (see [FL, Sect. 1] and [Wi, Sect. 1] for R = W{k), see [Fal, Sect. 2] for R 
smooth, and [Va2, Sect. 2] in general). Its objects are quintuples (A^, F, $0, $1, V), where 
A is a finitely generated torsion i?-module, F is a direct summand of A, $0 • A — A and 
$1 : F — > A are $fl-linear maps, and V : A — > A <Sir ^R/w{k) — A <Sir ^r^ /w{k) is an 
integrable, nilpotent modulo p connection on A, such that the following five axioms hold: 
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(a) we have ^o{x) = p^i{x) for all x E F; 

(b) the i?-module N is i?-generated by ^o(N) + $i(F); 

(c) we have V o ^o{x) = p{^o <S> d^R/p) o V{x) for all x e N; 

(d) we have V o ^i{x) = ($o ® d^n/p) ° V(a;) for all x e F; 

(e) locally in the Zariski topology of Spec{R/pR), N is a, finite direct sum of R- 
modules of the form R/p^R, where s e N U {0}. 

A morphism / : (iV, F, $o, V) — >■ (iV', F', ^i; V) between two such quintuples 
is an i?-linear map fo : N ^ N' such that we have an inclusion fo{F) C F' and identities 
*o o /o = /o o $0, o /o = /o o $1, and V o /q = (/o ®i? In^/v^f^)) o V. Additions of /o's 
and multiplications of /o's by elements of Zp define the Zp-linear structure of M?"^ 
Due to (e) we have a natural identification MS^^ ^{R^) = JAJ'^q ^-^{R) . Disregarding the 
connections and thus axioms (c) and (d), we get the Zp-linear category M3'[o,i](-R). 

2.3.3. The functor D. Let p — FF(Spec(i?)) be the Zp-linear category of finite, flat, 
commutative group schemes over Spec(i?) of p power order. We recall from [Va2, Sect. 2] 
that there exists a contravariant Zp-linear functor 

D : p - FF(Spec(i?)) ^ M3^J^^i](i?) = MJj^^i](i?o). 

Let H be an object of p — FF(Spec(i?)). We review from loc. cit. the construction 
of B{H) = (iV, F, $o,$i, V). Let n e N be such that p"" annihilates H. The triple 
(A^, ^OjV) is part of the evaluation {N,^o,'&o,'V) of the Dieudonne crystal 3{Hji/pji) 
at the thickening {Spec{R/pR) ^ Spec{R/p'^R),d{p)) and this motivates the notation 
3[H). The direct summand F^ of A^ is the Hodge filtration of A^ defined by the lift 
HR/pnR. To define $i we can work locally in the Zariski topology of Spec{R/pR) and 
thus we can assume that R = R^ = R^ and (cf. Raynaud theorem of [BBM, Thm. 
3.1.1]) that if is a closed subgroup scheme of an abelian scheme A over Spec(i?). Let 
Na '■= H^^^{A/R) = H^j.yg{A/R). Let Fa be the direct summand of A^^ that is the 
Hodge filtration defined by A. Let Va be the Gauss-Manin connection on A^^. Let $oA 
be the $i?-linear endomorphism of Na- The embedding H ^ A defines a canonical R- 
epimorphism (A^^, Fa, $oa, Va) ^ (A^, F, $o, V), cf. [BBM, Thm. 3.1.2 and pp. 132-133]. 
Thus as $1 : F ^ A^ we can take the natural quotient of the restriction of -$oA to Fa- 

As the Zp-linear categories of p-divisible groups over Spec(i?o) and over Spf(i?o) are 
canonically isomorphic, from [Fal, Thm. 7.1] we get that: 

2.3.4. Theorem. Suppose that p > 2, that the W{k)-algebra Rq is smooth, and that R = 
R(^. Then the Zp-linear functor B : p - FF{Spec{R)) M3^[^ -^^(i?) is an antiequivalence 
of Zp-linear categories. 

One can use [Fal, Sect. 2, pp. 31-33] and [Ra2, Thm. 3.3.3] to check that the 
functor D of Theorem 2.3.4 is in fact an antiequivalence of abelian categories. 

2.3.5. A more general form of (1). In this Subsubsection we assume that Rq and 
Rq/pRq are integral domains, that R = Rq, and that there exist elements zi, - - - , Zd & R 
such that i? is a formally etale VF(A;)[2;i, . . . , 2;n]-algebra and the equality ^R{zi) = zf holds 
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for alH e {1, . . . , d}. For n e N, each element of Ker(S+(i?)/p"B+(i?) ^ R^/p^R^) is 
nilpotent. Thus the formally etale assumption and the fact that R is p-adically complete 
imply that there exists a unique VF(/c)-monomorphism if{ : i? > B~^{R) that lifts the 
inclusion R ^ R^ and that takes Zi to 0, 0, ...) G ^ B+{R). Let D be 

a p-divisible group over Spec(-R). Let (A^, F^, Vjv) be as in Subsection 2.1. As the 
i?-homomorphism Sn/pn : — > is onto (cf. Lemma 2.3.1 (a)), there exists a 
5+ (i?) -linear monomorphism 

(3) : N ®R B+{R) H^VKn) B+{R) 

that is constructed and has the same properties as the 5+(VF(A;))-linear monomorphism 

of Subsubsection 2.2.2. Here (as for H^{D)) H^{'Dkb) is the dual of the Tate-module 
of ©Kfl. As the VF(/c)-monomorphism : R "-^ W^{R) respects Frobenius lifts, the 
Frobenius endomorphism of N ®fi B^[R) is $iv ® ^R/pR- 

2.4. Artin— Schreier systems of equations. For a matrix let z^'^^ be the matrix 
obtained by raising the entries of z to their p-powers. Let n G N. Let xi,... be 
variables. Let x := (xi,... ,XnY- Let Spec(Zo) be an afhne Spec(/c)-scheme. An Artin- 
Schreier system of equations in n variables over Zq is a system 

(4) X = Bx^^ + Co, where B G M„xn(^o) and Cq G M„xi(^o)- 

Let Zqq be the finitely generated fc-subalgebra of Zq generated by the entries of B. 

2.4.1. Theorem, (a) The system (4) defines an etale, affine Spec{Zo) -scheme Spec{Zi). 

(b) Each geometric fibre of the morphism qi : Spec{Zi) — > Spec{Zo) has a number of 
geometric points equal to p^ , where m G {0, . . . , n} depends on the fibre. 

(c) There exists an open, Zariski dense subscheme Uqq of Spec{Zoo) that depends 
only on B but not on either the ZoQ-algebra Zq or Cq and such that ifU^^^ := »Spec(Zo) Xspec(Zoo) 
Uqq , then the morphism C/}^-* := QiiU^^) Uq'^ is an etale cover. 

(d) Suppose that Zq is noetherian. Let Z^ be the inductive limit of ¥p-algebras Zq, 
q & N, q > 2, where each Zg is the Zq^i-algebra defined by an Artin- Schreier system of 
equations of the form (4) but with Co replaced by some other matrix Cq-i G Mnxi{Zq-i). 
Then the image of each connected component Coo of Spec{ZQo) in Spec{Zo) is an open, 
Zariski dense subscheme of a connected component of Spec{Zo). 

(e) Suppose that Zq is a finitely generated k- algebra. Then each point p^x, of Spec{Zoo) 
specializes to a point of Spec{Z^) whose residue field is algebraic over k. 

Proof: We prove (a). The Zo-algebra Zi is of finite presentation. We have ^z^/Za — ^i 
the shape of the system (4). We check that the criterion of formal etaleness holds for qi. 
Let Z he a commutative Zo-algebra and let / be an ideal of Z of such that = 0. Let w 
be a solution of (4) in Z/L If w G M^xiiZ) lifts then + Co does not depend on 

the choice of w and it is the unique solution of (4) in Z that lifts tu. We conclude that the 
morphism qi is etale, cf. [BLR, Ch. 2, Sect. 2.2, Props. 2 and 6]. 
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To prove (b) we can assume that Zq = k = k. Let Bi e Mnxn{k) be such that 
B^^ = B. We use induction on n G N. The case n = 1 is trivial. For n > 2 the passage 
from n — 1 to n goes as follows. Let xq be a new variable. We introduce the homogeneous 
system of equations in the variables xq, xi, . . . ,Xn 

(5) x^-\ = Bx^^ + xf^Co, 

the multiplications with powers of xq being scalar multiplications. The system (5) defines a 
closed subscheme y of P^. By repeatedly using the projective dimension theorem (cf. [Ha, 
Ch. I, Thm. 7.2]), we get that the /c-scheme ^ is non-empty. Let IK be the hypersurface 
of defined by xq = 0. We first consider the case when the set fl Ji){k) is empty. In 
this case we have Spec(Zi) = and therefore from (a) we get that ^ is an etale, closed 
subscheme of P^. Thus the Spcc(A;)-scheme ^ is finite. The degree of Y is p", cf. [Ha, Ch. 
I, Thm. 7.7]. Thus Spec(Z'i) = Spec(/cP ); therefore (b) holds in this case. 

We consider the case when the set fl is non-empty. This means that the 

system of linear equations Bix — has a non-trivial solution in k. Thus the matrix Bi 
is not invertible. Up to a renumbering of a^j's we can assume that we have an identity 
b[^^ = Y^^=i diB[^\ where di e k and where b[^^ is the z-th row of Bi. The system (4) 
is equivalent to the system X of equations, where we keep the first n — 1 equations of (4) 
which involve xi, . . . ,Xn-i on the left hand side and where we replace the last equation 
of (4) which involves x„ on the left hand side by the following linear equation 

n— 1 n—1 

(6) Xn+^ d^Xi = Cn + ^ Cidl, 

i=l i=l 

where (ci, . . . , c^) := Cq. Equation (6) allows us to eliminate the variable Xn in X (and thus 
also in (4)). By performing this elimination we come across an Artin-Schreier system of 
equations in n — 1 variables over k of the form x = Bx^^^ + Cq, where x := (xi, . . . , Xn-iY- 
The entries of S e Mn-ixn-i{k) depend on B but not on Cq. By induction we have 
Zi = kP for some m e {0, . . . , n — 1}. This proves (b). 

To prove (c), let Spec(Woo) be the etale group scheme over Spec(Zoo) defined by 
the addition of solutions of the Artin-Schreier system of equations y = By^\ where 
y := (yi, . . . .VnY- Let Uqq^ be the maximal open subscheme of Spec(Zoo) such that the 

morphism Spec(VFoo) XSpec(Zoo) ^oo'* ~^ ^oo etale cover. As the fibres of qi are 

non-empty (cf. (b)), the product rule {y,x) ^ y + x makes Spec(Z'i) to be a left torsor 
of the affine group scheme Spec(VFoo) Xspec(Zoo) Spec(Zo) over Spec(Zo). Thus [/^^^ IS an 
etale cover of [/(S^^ i.e., (c) holds. 

To prove (d) and (e) we can assume that Spec(Zo) is reduced and connected. We 
prove (d). For g e N let Uq^^ := Spec(Zg) Xspec(Zoo) ^oo ■ -^^ ^o^^ etale cover of 

Uq^\ (cf. (c)), the pull back of Uqq to Spec(Zoo) is a pro-etale cover of Uq^'' . By 
induction on dim(Spec(Zoo)) we define a stratification of Spec(Zoo) in reduced, locally 
closed subschemes Uqq , . . . , Uq^ such that the following property holds: 
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(*) for each i e {2, ... , s} the scheme Uqq is the maximal open subscheme of the 
reduced scheme of Spec(Zoo) \ (U*~it/oo^) which has the property that the morphism 
Spec(Woo) Xspec(Zoo) ^00 Uqo is an etale cover. 

As above (for the case i = 1) we argue that for z e {1, ■ ■ • , s} the following scheme 

:= Spec(Zoo) Xspec(Zoo) ^00 is a pro-etale cover of U^''^ := Spec(Zo) Xspec(Zoo) ^oo • 
The going up (resp. down) property holds for pro-etale covers (resp. pro-etale morphisms), 
cf. [Ma, Subsect. (5.E), Thm. 5] (resp. [Ma, Subsect. (5.D), Thm. 4]). We apply this 

to the pro-etale covers Uq^ and to the pro-etale morphism Spec(Zoo) Spec(Zo). 

We get that the image Co of Coo in Spec(Zo) is the complement in Spec(Z'o) of the union 
of the schematic closures in Spec(Zo) of those connected components of some U^'^ with 
z e {2, . . . , s} that do not intersect Cq. As Spec(Zo) is noetherian, this union is finite and 
thus Co is an open, Zariski dense subscheme of Spec(Zo). 

We prove (e). Let /qo be the prime ideal of Spec(Z'oo) that defines poo- To prove (e), 
for * G N U {0,00} we can replace with Z^j{l^ fl Zq)Z^. Thus we can assume that 
loo n Zo = and that Zq is an integral domain. By localizing we can also assume that 

is Spec(Zoo). The morphism Spec ( Zoo //oo) Spec(Zo) is an etale cover and thus 
surjective. As Spec(Zo) has points whose residue fields are algebraic over k and due to 
the going down property, we get that poo specializes to points of Spec(Z'oo) whose residue 
fields are algebraic over k. □ 

2.4.2. Remark. The case Cq = (i.e., the Zoo-algebra Woo) is studied systematically 
for the first time in [Ly], using a language of F-modules. We came across Artin-Schreier 
systems of equations independently in 1998 in connection to formula (12) below. 

2.5. Simple group properties. Until the end we use the notations of Subsection 1.1. 

Let S e {W{k), B+{W{k))}. Let xs e S he p S = W{k) and be Po if S = B+{W{k)). 
Let {ta)^^0 be another family of tensors of F'^(T(M))[i] fixed by (p and such that GB{k) 

is also the subgroup of GLj^ri-, that fixes ta for all a ed- For a e J let i;q, e 7(H^(D)[-]) 

he such that maps ta to Va, cf. Subsubsection 2.2.2. 

2.5.1. Fact, (a) There exists an isomorphism ps ■ {M <S)w{k) S, {ta)ae3) ~^ i^^i^) ®'^v 
S-i (ia)o,gg) if and only if there exists an isomorphism ps '■ {M<S)w{k)'Sj (^a)ae3) ~^ {H^{D)<S>Zp 

{ta)a€8)- 

(b) Suppose that there exists an isomorphism is '■ (M(8);^(/j)S'[^], {ta)aeg) {H^{D)®Zp 
{ta)ae3)- Then there exists an isomorphism ps : {M®w{k)S-, (ia)aea) ^ {H'^{D)®z^ 
{ta)ae3) if and only if there exists an element h e G{S[-^]) that takes the S-submodule 
is\H\D)^Zp S) ofM®w{k) S[^] ontoM®w{k) S. 

Proof: We prove (a). If ps exists, then its tensorization with (W {k))[-^] is of the 
form ioij^] o h, where h e GLM{B+{W{k))[^]) fixes ta for aU a e d- Thus h e 
G{B'^{W{k))[-0^]) and therefore ps takes ta to Va for all a E d- Thus we can take ps 
to be defined by ps- Similarly, if ps exists, then we can take ps to be defined by ps- 
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Part (b) is an elementary exercise: one regains each element of the set {ps, h} from 
the other element via the identity Ps[^] = is ° . □ 

Let a^j) := (j)n{p)- It is a a-linear automorphism of M that normalizes Lie{GB(k)) ^ 
Endp^A(/j)(M). Until Subsection 2.6 we assume k = k. Thus M^^ := {x G M\a(f,{x) = x} 
is a Zp-structure of M. As and (f) fix tee, we have (7fj){ta) — ta- Thus we have 

ta G 'J'(Mzp[i]) for aU a e 3- Thus G is the puU back to Spec{W{k)) of a flat, closed 
subgroup scheme Gzp of GLmz^- If G is smooth, then Lie(Gzp) = {x G Lie(G) |cr^(a;) = x}. 

2.5.2. Lemma, (a) Suppose that G is smooth and Gk is connected. Then there exists 
an isomorphism pz^ ■ {Mi^, (tct)ae3) ~^ {H^{D), {vce)ae3) if O'lT'd only if there exists an 
isomorphism p : (M, (ta)aea) ^ {H^i^) ^{k), {va)a£s)- 

(b) Suppose that G is smooth. Then there exists an isomorphism p as in ( a) if and 
only if there exists an isomorphism PB+{w{k)) '• {M<S>w{k)B~^{W{k)), {ta)aed) ~^ {H^{D)iS)Zp 

B+{Wik)),{v^)^a)- 

Proof: To prove the Lemma we can assume that we have t^ G T(M) and Va G 7{H^{D)) for 
all a E d. Let Yq be the affine Spec(Zp)-scheme that parametrizes isomorphisms between 
(Mzp, {ta)aes) ^^cl {H^{D), {va)aed)- Let Y be the schematic closure of Yqq^ in Yq. The 
group scheme Gz^, acts on Y from the left. The only if part of (a) is trivial. We prove the 
if part of (a). As p exists, IV(fc) is the trivial torsor of G. Thus y is a torsor of Gz^ in 
the flat topology and therefore it is a smooth Spec(Zp)-scheme of flnite type. Thus Y has 
points with values in flnite flelds. As G^^ is connected, Y has Fp-valued points (cf. Lang's 
theorem). Thus Y has Zp-valued points i.e., pz^ exists. This proves (a). The proof of (b) 
is similar, starting from the fact that each torsor of G in the flat topology of Spec{W{k)) 
has A;-valued points and therefore (as G is smooth) it also has W{k)-valued points. □ 

2.5.3. Lemma. We recall that k = k. Let (Mz^jGzp) and = (t>p{^) he as above. Let 
G he a fiat, closed suhgroup scheme of G such that the following three properties hold: 

(i) the cocharacter p : Gm G factors through G; 

(ii) we have (j){Lie{G B{k))) = Lie{GB{k)); 

(iii) the generic fihre GB{k) is connected. 

Then there exists a unique closed, flat subgroup scheme Gz^ of Gz^ whose pull back 
to Spec{W{k)) is G. If GB{k) is a reductive group, then the generic fibre Gq^ of Gz^ is 
also a reductive group and therefore there exists a set 3 that contains 3 and such that there 
exist a family of tensors (ta)^^^ <^/'^(-^Zp[^]) with the property that Gq^ is the suhgroup 

of GLj^^ [1] which fixes t^ for all a & 3- 

Proof: We know that normalizes Lie{GB{k))j cf. properties (i) and (ii). The following 
Lie algebra g^^ := {x G Lie{G B(k))W(t>{-c) = x} over Qp is the unique Lie subalgebra of 
Lie(GQp) such that we have Lie{GB{k)) — 0Qp®Qp-S(^)- We check that there exists a unique 
connected subgroup Gq^ of Gq^ whose Lie algebra is Qq^ . The uniqueness part is implied 
by [Bo, Ch. II, Subsect. 7.1]. To check the existence part, we consider commutative Qp- 
algebras A such that there exists a closed, flat subgroup scheme G^ of G^ whose Lie algebra 
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is (8)Qp A. For instance, A can be B{k) itself and thus we can assume Jl is a finitely- 
generated Qp-subalgebra of B{k). By replacing A with its quotient through a maximal 
ideal, we can assume A is a finite field extension of Qp. Even more, we can assume that A 
is a finite Galois extension of Qp and that is connected. As Lie(G^) = Qq^ A, from 
[Bo, Ch. II, Subsect. 7.1] we get that the natural action of the Galois group Gal(A/Qp) on 
0Qp ®Qp ^ defined naturally by a natural action of Gal(A/Qp) on G^. This last action 
is free. As G^ is an affine scheme, the quotient Gq^ of G^ by Gdl{A/Qp) exists (cf. [BLR, 
Ch. 6, Sect. 6.1, Thm. 5]) and it has all the desired properties. 

Prom [Bo, Ch. II, Subsect. 7.1] and the property (iii) we get that our notations 
match i.e., the pull back of the connected group Gq^ to Spec(i?(A;)) has the same Lie 
algebra as GB{k) s-^d therefore it is GB(k)- Let Gz^ be the schematic closure of Gq^ in 
Gzp', it is the unique closed, fiat subgroup scheme of G^^ whose pull back to Spec(VF(/c)) 
is G. Obviously Gq^ is reductive if and only if GB{k) is so. The last part of the Lemma 
that pertains to the set J follows from [De2, Prop. 3.1 c)]. □ 

2.6. The smoothening G' of G. We recall from [BLR, Ch. 7, Sect. 7.1, Thm. 5] that 
there exists a unique smooth group scheme G' over Spec(M^(/c)) which is equipped with a 
homomorphism io '■ G' ^ G and for which the following two properties hold: 

(i) the generic fibre of is an isomorphism, and 

(ii) if Y is an arbitrary smooth Spec(VF(/c))-scheme, then each morphism Y ^ G of 
Spec(W^(fc))-schemes factors uniquely through iq- 

See [BLR, Ch. 3, Sect. 3.2] for dilatations. As ia is obtained using a sequence 
of dilatations centered on special fibres (see [BLR, Ch. 7, Sect. 7.1, pp. 174-175]), the 
scheme G' is affine. We denote also by jj, : Gm — ^ G' the factorization through G' of the 
cocharacter n : Gm —>^Gof the end of Subsection 2.1, cf. (ii). Prom (ii) we get that: 

(iii) each smooth, closed subgroup scheme U of G is naturally a closed subgroup 
scheme of G' . 

We identify Lie(G') with a W {k)-\a,ttice of Lie{GB{k)) = Lie(G^(.^^) contained in 
Endi4/(fc)(M). Let G'^ be the identity component of G'j^. Let G{W{k))^ be the subgroup 
of G{W(k)) — G'{W{k)) formed by VF(A;)-valued points of G' whose special fibres factor 
through G"0. Let G{W{k))^ := G{W{k)f n G{W{k)). 

2.7. Two unipotent group schemes. Let n : Gm — ^ G and M = © be as in 

Subsection 2.1. Let T(M) = ©jezF*(T(M)) be the direct sum decomposition such that 
Gm acts via fj, on F*(T(M)) as the —i-th. power of the identity character of G^. Let t/big be 
the smooth, unipotent, commutative, closed subgroup scheme of GLm whose Lie algebra 
is F~^{Eiidw{k){M)) := F~^{7{M)) nEiidw{k){M). Under the direct sum decomposition 

End;^(fe)(M) = Homvy(fe)(Fi,FO) ©Endvy(fe)(Fi) ©End^(fe)(FO) ©Homw.(fc)(FO,Fi) 

of VF(A;)-modules, we have F~'^{Endw{k)iM)) = HomvK(fc)(-P'^5 F'^)- If Spec(i?) is an affine 
Spec(VF(A;))-scheme, then we have t/big(-R) = '^M®w(k)R+F~''-{Endw{k)iM))<S>w{k)R. The 
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intersection Lie(GB(fe)) ^ (^^dw{k){M)) is a direct summand of F~^(Endpy(fc)(M)). 
Let U be the smooth, closed subgroup scheme of C/big (and thus also of GLm) defined by 
the following rule on valued points: 

U{R) = lM(SwwR + ^HGB{k)) F-\Endwik){M)) 0w{k) R- 

Wc have Lie{U) = Lie{GB{k)) ^ F~^(Endw(^j~-j{M)). As UB(k) is connected and as we have 
Lie{UB(k)) ^ Lie(G'B(fc)), the group UB{k) is a subgroup of GB(k) (cf- [Bo, Ch. II, Subsect. 
7.1]). As U and G are schematic closures in GLm of their generic fibres, C/ is a smooth, 
closed subgroup scheme of G and thus also of G' (cf. property 2.6 (iii)). 

3. Global deformations 

In this Section we use the notations of Subsections 2.1 and 2.6. We first construct 
global deformations of (M, F^, G, (ta)a6a) over p-adic completions of ind-etale alge- 
bras over smooth VF(/c)-algebras whose reductions modulo p are regular, formally smooth 
over k, geometrically connected, and define spectra which have Zariski dense sets of k- 
valued points. Then we use such deformations to "connect" {M, F^^cp^G, (to) ae3) with 
(M, , g(j),G, {toi)ceed)j where g is an arbitrary element of G{W{k))^. If k = then 
we truly connect both (M, F^, G, (tQ,)Q,gg) and {M, F^ , gcp^G, {toi)oie3) with the same 
quadruple (M, F^, hcf), G, (ta)aea) ^r some h G G{W{k))^ that has certain properties (see 
Subsection 3.5). Until Subsection 3.4 we do not use the fact that (even if p = 2) the triple 
(M, F^, (f)) is the filtered Dieudonne module of a p-divisible group D over Spec{W{k)). 

In Subsection 3.1 we develop the language needed to state the Theorem 3.2 which 
pertains to the existence of some connections and implicitly of some global deformations 
of {M, F^ , (f), G, (ta)a€a)- Subsection 3.3 we prove the basic results Lemma 3.1.3 and 
Theorem 3.2. In Subsection 3.4 we translate Theorem 3.2 in terms of p-divisible groups 
as allowed by Theorem 2.3.4 and by a variant of it for p = 2. In Subsection 3.5 we apply 
Subsection 3.4 to show that to prove the Main Theorem we can assume that G is a torus. 

3.1. Notations and a language. Let dM '■= T^^w{k)iM), d := dim.{GB{k)) = dim(G/s), 
S{M) := {1, . . . , c^m}, and S{G) := {1, . . . , d}. Let G' and G{W{k))° be as in Subsection 
2.6. Let Zk be the origin of G'f,; as a scheme it is Spec(/c). Let zi, . . . ,Zdhe free variables. 
Let O :— Spec{W{k)[zi, . . . ,za]). Let Y — Spec(-R) be an open, affine subscheme of 
G' through which the identity section a : S'pec{W{k)) — > G' factors and which has a 
geometrically connected special fibre as well as the following property: 

(i) There exists an etale, affine morphism 6 : y — > O of Spec(VF(A;))-schemes, such 
that the morphism boa: Spec{W{k)) O at the level of rings maps each zi to 0. 

We also view Zk as a closed subscheme of y, y^, or Y^. We will choose Y such that 
there exists a section 

h : Spec(W^(A;)) ^Y = Spec(i?) 

with the property that the Vr(A;)-epimorphism W{k)[zi, . . . ,Zd] -» W{k) associated to 
boh sends each zi to an element ui e Gm{W{k)). If k is infinite, then the existence of h 
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is implied by the fact that the set of A;-valued points of Yfc is Zariski dense in (cf. [Bo, 
Ch. V, Cor. 18.3]). Composing b with an automorphism of O which takes zi to uj^zi for 
all / G S{G), we can assume that we have Ui = 1 for all / G S{G). 

The VF(/c)-monomorphism W{k)[zi, . . . , za] ^ R associated to b allows us to identify 
zi with an element of R. Let be the Frobenius lift of either R^ or that is compatible 
with a and such that we have <^r{zi) = zf for aU I G S{G). Let r G G'{Y^) = G'^{Y^) 
be the universal element of G'^ defined by the p-adic completion of the inclusion Y ^ G' . 
Here and it what follows we identify points of G'^ (or of G') with values in a flat, affine 
Spec(VF(/c))-scheme Spec(*) with *-linear automorphisms of M ®w{k) *■ See the end of 
Subsection 2.1 for the direct sum decomposition M = F'^ ® 

3.1.1. Definition. A morphism Yq — 1"^ will be called formally quasi-etale if either it 
is formally etale or there exists a formally etale morphism Y Y^ such that Yq is the 
spectrum of the completion of a local ring of Y whose residue field has characteristic p and 
Yq Y^ is the natural morphism. Thus Yq is regular and a formally smooth y^-scheme. 

3.1.2. Definition and notations, (a) Let c : Spec((5^) Y^ be a formally quasi-etale, 
affine morphism of Spec(VF(A;))-schemes, with Q a regular I4^(/c)-algebra. Let $q be the 

only Frobenius lift of Spec{Q^) (or Q^) that satisfies the identity c o $g = $^ o c. Let 

Mq := (M 0wik) Q\ 0wik) 0^, mf, mV), 

where $((5)° := r o c{(j) ® and where $(Q)^ : F'^ ®w{k) ^ M <^w{k) is the 
^>Q-linear map such that for x E F'^ ®w(k) we have p^{Qy{x) = ^{Q)^{x). For n G N 
we also denote by ^{QY its reduction modulo p'^, i G {0, 1}. 

(b) Let 5q be the flat connection on either M ®w{k) or M <Siw(k) Q/p^Q that 
annihilates M (E) 1. 

(c) Let Mq/p^Mq be the reduction modulo of Mq; it is an object of the category 

^9^[o,i](Q)- We say Mq/p^Mq potentially can be viewed as an object o/M5'^ i](Q) if there 
exists a connection 

V : M^W{k)Q/p'^Q M^W{k)Q/p'^Q^Q/pr.Q^(Q/pnQyWr.{k) = W^(fe) ^(Q/p" Q)/ W„ (fe) 

such that we have: 

(7) V o^Qf{x) =pmQf ^d^Q/p)oW{x) yxeF°^w{k)Q/p''Q and 

(8) Vo$(Q)i(a;) = ($(g)°®d$Q/p)o V(a;) ^x e F^ ^w{k) Q/p^'Q- 

Here d^g/p is the differential of $q divided by p and then taken modulo p". About V we 
say it is a connection on Mq/p^Mq. We emphasize that the system of equations obtained 
by putting (7) and (8) together, does not depend on the choice of the direct supplement 
F° of F^ in M; moreover, as we chose $(0)° and ^{Q)^ to be ^>Q-linear maps and not 

Q^-linear maps, we got x G F'^®w{k)Q /p^Q and not in F'^<S)w{k)ijQ/p^Q (here i G {0, 1}). 



21 



(d) We say the connection V of (c) respects the G-action, if for each I e S{G), 
the (5/p"Q-linear endomorphism of M (S)w{k) Q/p^Q which for x E M maps x 1 to 
e M®w{k)Q/p''Q. is an element of {Ue{GB^k))^^^^w{k){M))®w{k)Q/p''Q- 

3.1.3. Lemma. Let n G N. We consider a formally quasi-etale, affine morphism c : 
Spec{Q^) — > of Spec{W{k))- schemes, with Q a regular W{k)-algebra. If all connected 
com,ponents of Spec{Q/pQ) have non-empty intersections with c~^{Zk), then there exists 
at most one connection on Mq/p^Mq. 

3.2. Basic Theorem. The following four things hold: 

(a) For each n e N there exists an etale R- algebra Qn such that the natural formally 
etale, affine morphism £n : Spec{Q^) has the following three properties: 

(i) £~^{Zk) = Spec{k) and Spec{Qn/pQn) is a geometrically connected Spec{k) -scheme; 

(a) there exists a unique connection Vn on Mq^/p^Mq^ and moreover Vn is integrable, 
nilpotent modulo p, and respects the G-action; 

(Hi) for each formally quasi-etale, affine morphism c : Spec{Q^) — > Y^ of Spec{W(k))- 
schemes (with Q a regular W{k)-algebra) such that all connected components of 
Spec{Q/pQ) have a non-empty intersection with c~^{Zk) and Mq/p^Mq poten- 
tially can be viewed as an object of ^-^{Q) , there exists a unique morphism 

Cn : Spec{Q^) — >• Spec{Q^) such that c = £n ° and the unique connection on 
Mq/p''^Mq is the extension ofVn via c„ modulo p^ . 

(b) Let n G N. We consider the unique morphism £^^^ : Spec{Q^j^i) — > Spec{Q^) 
such that in+i = £n o^*^") and the extension ofVn via modulo p"" is V^+i modulo p^ , 
cf. property (Hi) of (a). Then £^'^^ modulo p is etale, quasi-finite, and generically an etale 
cover of degree at most p"^ . Similarly, £\ modulo p has all these properties. 

(c) Let Spec{Q oo) be the projective limit of Spec{Q^) under the transition morphisms 
£^'^\ n e N. Let Q := Q^. Let £ : Spec{Q) — Y^ be the resulting morphism. Then the 
image Y^ of £ modulo p is an open subscheme ofY^ and moreover each point of Spec{Q / pQ) 
specializes to a point of Spec{Q/pQ) whose residue field is an algebraic extension of k. 

(d) There exists a reduced, closed subscheme S((/>) of G'j^ of dimension at most d — 1, 
that depends on (f) and on the reduction modulo p of d^n/p but not on the choice of 
h : Spec{W{k)) ^ Y in Subsection 3.1, and such that Yk \ "^{4)) C Y^ . 

3.3. The proofs of 3.1.3 and 3.2. We prove Lemma 3.1.3 and Theorem 3.2 in the 
following nine steps. 

1) The complete local case. Let R be the completion of R with respect to the 
ideal of R that defines the factorization Spcc(VF(A;)) y of the identity section a : 
Spec{W{k)) ^ G'. See Subsubsection 3.1.2 (a) for and There exists a unique 

connection on M ®w{k) R such that <^{R)^ is horizontal i.e., we have o = 
{<^{R)^ o V^. The connection is integrable and nilpotent modulo p. As we have 

^r{zi) = for all I G S{G), the last two sentences follow from [Fa2, Thm. 10] applied 
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to the triple (M <S)w(k) F <S)w(k) (the ^-hnear map (M + ^F^) ®w{k) aR ^ 

M(8)vK(fc)-R defined naturally by $(^)° is an ^-linear isomorphism). We recall the argument 
for the uniqueness part. Let be another connection on M(8);y(fc) R such that is 
horizontal. As we have ^r{zi) = zf for all I e S{G) and • o = c?$^) o • 

for • e {V^, V^}, by induction on g e N we get that — G Endvy(fe)(M) ®vK(fc) 
(2:1,... ,2d)'?riJ^^^^^[i], where ^^J/^^^^,) = R is the p-adic completion of 

^R/w{k)- R complete in the {zi, . . . , 2;d)-topology, we get that = V^. 
See Subsubsection 3.1.2 (b) for Sq. We check the following relation 

(9) 7^ := - 5o e iUe{GB{k)) n EndvK(fe)(M)) ^w{k) ^R/w{k) R- 

If G is smooth, then (9) is implied by [Fa2, Sect. 7, Rm. ii)]. In general, we view 
T(M) as a module over the Lie algebra (associated to) Endw{k){M) and we denote also 
by the connection on T(M(8)^(;j) R[p]) which extends naturally the connection on 
M<Siw{k)R- The ^»^-linear action of $(i2)° on M(8)vK(fc)-R extends to a horizontal $^-linear 
action of $(^)° on 7{M <^w{k) R[^])- For instance, if / e M* ®w{k) R= {M ®w{k) R)* 
and if a; e M <^w{k) R, then $(^)°(/) G M* <^w{k) ^[|] maps $(^)°(a;) to ^^{f{x)). As 
(j) and G fix to;, the tensor ta e T(M (8)vK(fc) -R[|]) is also fixed by ^{R}^. Thus we have 
V^(t«) = ($(A)° ® d$^)(V^(ta))- As wc have o!$^/p(2,) = ^f^dz; for ah / e 5(G'), by 
induction on g e N we get that V^(ta) = 7^(^a) e ^(M) {zi, . . . , ^d)''^^/^(fc)[^]- 

As R is complete with respect to the {zi, . . . , ^d)-topology, we get V j^{ta) = 7j^(tQ;) = 0. 
But Lie{GB{k)) ^ End^4/(fc)(M) is the Lie subalgebra of Endw(^k){M) that centralizes to, 
for all a E d- From the last two sentences we get that (9) holds. This implies that 
respects the G-action. 

2) General connections. Let {ei\i e S{M)} be a W{k)-hasis for M formed by 
elements of U F°. For i e S{M) let Si E {0, 1} be such that Cj e F^^ Let {eij\i,j E 
S{M)} be the W{k)-hasis for EndvK(fe)(-^) such that ey(es) = ^jsCj. The i?-module 
^R/w{k) is free: G 5'(G')} is an i?-basis for it, cf. property 3.1 (i). Let c : Spec((5^) 

be as in Lemma 3.1.3. Any connection V on M (8)vk(/s) Q^/pQ is of the form 

(10) V = 5o + ^2 XijiCij (g) dzi, 

{i,j,l)&S(M)xS(M)xS(G) 

with e Q^/pQ for all (z, j, /) G S'(Af) x 5'(M) x S{G). 

3) The equations. We start proving Lemma 3.1.3, Theorem 3.2 (a), and the part 
of Theorem 3.2 (b) that pertains to £1. The condition that V of (10) is a connection on 
Mq/pMq (i.e., that (7) and (8) hold for n = 1) gets translated into a system of equations 
in the variables follows. Let j G S{M). As 0(F° © |F^) = M, M <^w(k) R^ is 
i2^-generated by the $(i?)^*(ei)'s with i G S{M). Thus we can write 

ej= J2 Oi,^*(^)^'(ei), 

i€S(M) 
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where aj^i e i?^. Let (f), Cj, and aj^i be the reductions modulo p of (j), ej, and aj^i (re- 
spectively). We have V(aj,i$(i?)'^^(e,)) = aj^iV{^{RY'{ei)) + ^{RY' {e,)daj^i. Thus by 
plugging e^'s in the formula (7 + e^), by multiplying the result with i, and by sum- 
ming up with i G S{M) we get that if V is a connection on Mq/pMq, then V(ej) = 
^{i,i)eS{M)xS{G) ^iji^i ® is equal to 

(11) Yl dj,imRY<»d^R/p)W{ei)+ J2 HRy'iei)ddj,i 

i€S{M),ei=l i€S{M) 

J2 dj,^xl,i^{ei>)zl-' (E) dzi + Yl '^iRY'{ei)ddj,i. 

{i,i',l)eS{M)xS{M)xS{G), (e^/ ,£i) = (0,l) ieS{M) 

By identifying the coefficients of the two expressions of V(ej) with respect to the R/pR- 
basis {eii^dzi\{ij) E S{M) x S{G)} for M <^w{k)^R/pR/k = M/pM ®k^R/pR/k, we come 
across an Artin-Schreier system of equations in d'^d variables of the form 

(12) x,,i = L,,K^?u,<2^, • • • ^^dM) + «^^K0), (^, J, e 5(M) x S{M) x 5(G), 

where the form Liji is homogeneous and linear and has coefficients in R/pR and where 
(lijliO) G R/pR- The form L^j; involves only the variables Xi'n^s, with {eir,ei) = (0, 1). By 
varying j G 5'(M), we obtain all possible equations in the Xiji^s i.e., any other equation 
in the x^/'s produced by (7) and (8) is a linear combination of the equations of (12). We 
consider the affine morphism 

£{1) : Si ^ So := ^ = Spec{R/pR) 

defined by the system of equations (12) (with the Xy^'s viewed as variables over R/pR). 
Thus V is a connection on Mq/pMq if and only if (12) holds i.e., if and only if c modulo 
p factors naturally through the morphism (,{!). 

4) The uniqueness part. Let Iq be the ideal of R/pR generated by zis. It suffices 
to prove Lemma 3.1.3 for n = 1 under the hypotheses that V is a connection on Mq/pMq 

and that Q/pQ is a complete, local ring whose residue field is k and whose maximal ideal is 
generated by /q. The existence of another (i.e., different from V) connection on Mq/pMq 

corresponds to a non-trivial solution in Q/pQ of the system of equations 

(13) x,^i = L,^i{xl^,,x%, . . . ,x^^^,J, e SiM) X SiM) x 8(0). 

The coefficients of the linear forms Liji belong to Iq~^ , cf. (11). By induction on g G N, 
we get that for each solution of (13) in Q/pQ we have Xiji G {Q / pQ) for all 

(i,j,/) G S{M) X S{M) X S{G). Thus the only solution of (13) in Q/pQ is given by 
Xiji = for all (z, j, I) G S{M) x S{M) x S{G). Thus Lemma 3.1.3 holds for n = 1. 

5) Construction of Qi. We know that the morphism £(1) is etale, cf. Theorem 
2.4.1 (a). Let S? be the maximal open closed subscheme of Si with the property that 
each connected component of it has a non-empty intersection with the closed subscheme 
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e{l)-'^{Zk) of §1. From 4) we get that ^(l)-^^^) is either empty or Spec(/c). Thus §? 
is a connected, afRne Spec(/c)-scheme. From Theorem 2.4.1 (b) we get that £{l)~^{Zk) is 
non-empty. Thus the scheme §5 is non-empty and we have i{l)~^{Zk) = Spec(A;). 

Standard arguments that involve a lift of (12) to a system over R, the Jacobi criterion 
for etaleness, and localizations, show the existence of an etale -R-algebra Qi such that the 
special fibre of the morphism £i : Spec((5i ) is the morphism 8° — > So defined 

naturally by £{!)■ Let Vi be the unique connection on Mq^/pMq^, cf. end of 3) and 4). 

6) Proofs of 3.2 (a) for n = 1 and of 3.2 (b) for £i modulo p. As e^'^{Zk) = 
£{l)~^{Zk) = Spec(/c) and as the scheme S° = Spec{Qi/pQi) is connected, property (i) 
of Theorem 3.2 (a) holds for n = 1. If V is a connection on Mq/pMq and if each 

connected component of Spec{Q/pQ) has a non-empty intersection with c~^{Zk), then 
from the construction of £i and the end of 3) we get that c modulo p factors uniquely 
through £i modulo p. Thus c factors uniquely as a morphism ci : Spec{Q^) — Spec(Q^) 
of Spec(VF(A;))-schemes in such a way that c = £i o ci and V is the extension of Vi via ci 
modulo p. Thus property (iii) of Theorem 3.2 (a) holds for n = 1. Applying this with c as 
the natural formally quasi-etale, affine morphism Spec(i?) Y^, we get that the extension 
of Vi to a connection on M®y^(^k)R/pR (via the natural morphism Spec(i?) — > Spec(Qi') of 
y-schemes), is the reduction modulo p of and thus it is a connection that is integrable, 
nilpotent modulo p, and respects the G-action. This implies that the connection Vi itself is 
integrable, nilpotent modulo p, and respects the G-action. Thus property (ii) of Theorem 
3.2 (a) also holds for n = 1. Therefore Theorem 3.2 (a) holds for n = 1. 

Related to the part of Theorem 3.2 (b) that refers to £i modulo p, we are left to check 
that the fibres of £i modulo p over geometric points have at most p'^ points. We consider 
a A;-linear map Iq Endw{k){M)/{pEndw{k){M) + Lie{GB{k)) H Endw {k){M)) — »■ k. As 
Vi respects the G-action, for each map la the variables x^/'s satisfy the following relation 

(14) Xijilaieij) = 0, where I e S{G). 

{i,j)eS{M)xS{M) 

As Lie{GB{k)) ^ EndvK(fc)(-^) is a direct summand of Endw {k)iM) of rank d, the A;-linear 
span of the Ig^s maps has dimension d\j — d. Thus for a fixed I our variables Xiji^s also 
satisfy a system of dj^ — d-linear equations with coefficients in k whose rank is precisely 
dj^ — d and which is naturally attached to (14). By varying / G S{G), as in the proof 
of Theorem 2.4.1 (b) we can use the equations (14) to eliminate dj^^d — d'^ of our present 
Xiji^s variables at once; in other words is a connected component of the So-scheme Si 
that is also definable using an Artin-Schreier system of equations in d'^ = d\^ — {d\[ — d^) 
variables and with coefficients in R/pR. Thus from Theorem 2.4.1 (b) and (c) we get that 
£i modulo p (i.e., the morphism S^ Sq) is generically an etale cover of degree at most 
p^ . This proves Theorem 3.2 (b) for £i modulo p. 

7) The inductive statement. By induction on n G N we prove Lemma 3.1.3 
and Theorem 3.2 (a). We assume that Lemma 3.1.3 folds for n and that we managed 
to construct Qm for "7, G {1,... ,n}. We will show first that Lemma 3.1.3 holds for 
n + 1 and then we will construct Qn+i- We work with a formally quasi-etale morphism 
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c : Spec((5^) — ^ that factors through a formaUy quasi-etale morphism c„ : Spec(Q^) — > 
Spec((5^). We fix a connection Vj^*^ on M®vk(A;)Q/p""'~^Q which modulo p'^ is the extension 
of Vn via Cn modulo and which respects the G-action. The general form of a connection 
on M ®vK(fe) Q/p^^^Q that lifts the extension of Vn via modulo p^ , is of the form 

(15) V = Vf+ ^ p-x,,,ey 0^2;;, 

(i,i,/)eS'(M)x5(M)xS(G) 

with all Xiji G Q/pQ and with p^Xiji identified naturally with an element of p^Q /p^^^Q. 

8) The key point. The condition that V of (15) is a connection on Mq/p^^^Mq 
is expressed by an Artin-Schreier system of equations in the variables Xiji^s of (15) over 
Qn/pQn- The key point is that the same computations as in (11) show that this system 
has the form 

(16) Xiji = Liji{xl,i,xP^i,... ,xPa^a^i)+aiji{n), e S{M) x S{M) x S{G), 

where the homogeneous linear forms Liji are as in (12) and where aiji{n) G Qn/pQn- 
As the coefficients 0^7(0) played no role in steps 4) to 6), we can repeat the arguments 
of these three steps. First we get that the system (16) defines an etalc, affine scheme 
S„_i_i over := Spec{Qn/pQn)- Second we get that the maximal open closed subscheme 
§^+1 of §n+i such that each connected component of it intersects the pull back of Zk 
through the natural morphism £{n) : Sn+i So, is a connected scheme. Third we get that 
£{ri)~^{Zk) = Spec(A;) and that Lemma 3.1.3 holds for n + 1. Fourth we get the existence 
of an etale Q^-algebra Qn+i such that the special fibre of £^'^^ : Spec(Q^_|_j^) Spec(Q!^) 
is the etale, affine morphism §^_|_i S^. Fifth, as in 6) we use to get that the unique 
connection Vn+i on Mq^^-^ / p'^'^^ Mq^^-^ is integrable, nilpotent modulo p, and respects 
the G-action. This repetition takes care of Lemma 3.1.3 and Theorem 3.2 (a) for n + 1 
and thus ends our induction. This ends the proofs of Lemma 3.1.3 and Theorem 3.2 (a). 

9) Proofs of 3.2 (b) to (d). We know that modulo p is etale. As S°+i is a 
closed subscheme of a scheme of finite type over S° modulo p is of finite type. The 
fact that the geometric fibres of l^'^'' modulo p have at most p'^ geometric points is argued 
as in 6) (as the connection V^+i respects the G-action). Thus Theorem 3.2 (b) holds. 

Based on 8), Theorem 3.2 (c) is implied by Theorem 2.4.1 (d) and (e) applied to the 
sequence of etale morphisms • ■ • — > §° ^ ^n-i —>■■■■ ^ ^ §0 that are obtained by 
taking certain connected components of Artin-Schreier systems of equations that involve 
the same linear forms Lijis. From Theorem 2.4.1 (c) (see also the proof of Theorem 
2.4.1 (d)), we get that there exists an open, Zariski dense subscheme Wk of over which 
all special fibres of InS are etale covers and which depends only on the coefficients of 
Liji'n and thus only on d^n/p modulo p. Obviously, Wk is contained in the image Y^ of 
Spec{Q/pQ) in Yfe. The choice of another morphism h : Spec{W{k)) — > Y corresponds to 
a replacement of by another Frobenius lift ^'j^ of R that takes u'^^zi to {u'^^zi^, where 

ui G G(W(k)). Thus ^'nizi) = zf +pvizf, where vi := ^("')^r''-i g ^(;,)_ xhus d^n/p 
and d^'ji/p coincide modulo p. Therefore 3(0) := G'y. \ Wk does not depend on the choice 
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of h, has dimension at most d — 1 — dim(y) — 1, and its complement in Yj. is contained 
in Wk and thus also in Yl^. Thus 'B{(j)) has all the desired properties i.e., Theorem 3.2 (d) 
holds. This ends the proofs of Lemma 3.1.3 and Theorem 3.2. 

3.4. Geometric translation of 3.2. We translate Theorem 3.2 in terms of p-divisible 
groups. The Spec (/c) -scheme Spcc(Q/pQ) is geometrically connected and there exists a 
unique section a° : Spec{W{k)) Spec((5) such that the composite of £ o with the 
natural morphism Y^ G' is the identity section a : Spec{W{k)) G' , cf. the etaleness 
and the (i) parts of Theorem 3.2 (a). Let Vqo be the connection on M ^w{k) Q which 
modulo is the natural extension of V^; this makes sense due to (iii) of Theorem 3.2 (a). 
The reduction modulo of Voo respects the G-action. This implies that Vqo annihilates 
ta e T(M 0wik) Qi^]) for all aed- 

As Q/pQ is an ind-ctalc k[zi, . . . , 2;d]-algebra, the set of the reductions modulo p of 
zi^s with / G S{G), is a finite p-basis for Q/pQ in the sense of [BM, Def. 1.1.1]. 

3.4.1. Theorem. If p = 2, we assume that the property (C) of Definition 1.1.1 holds. 

(a) There exists a unique p-divisible group Dq/pQ over Spec{Q/pQ) such that the 
evaluation o/ D(2)q/pq) at the thickening O. '■= {Spec{Q/pQ) ^ Spec{Q), S(p)) is the 
triple (M ^w{k) Q, *(<3)°, Voo). 

(b) There exists a unique p-divisible group D over Spec{Q) such that the evaluation 
of the filtered Dieudonne crystal of D at the thickening O. is the quadruple (M <S>w{k) 
Q,F^ ®w{k) Q,$(Q)°,Voo). 

Proof: We first prove (a) and (b) for p > 2. For p > 2 there exists a unique finite, 
fiat, commutative group scheme 2)^ over Spec{Q^) of order a power of p and such that 
the object ©(fn) of MS'^^^iQn) is defined naturally by the pair (MQ^/p'^MQ^.Vn), cf. 
Theorem 2.3.4. Due to the uniqueness of Vn (cf. (ii) of Theorem 3.2 (a)), we can identify 
D((£(^))*(!D„)) = D(Ii„+i[p"]). Thus we can also identify = I'n+ib"]^ cf. 

Theorem 2.3.4. Therefore there exists a unique p-divisible group !D over Spec((5) such 
that for aU n e N we have D[p"] = D^q = D„+i[p"]q. 

The evaluation at the thickening £2 of the filtered Dieudonne crystal of D is (M(8)vK(fc) 
Q-, ®w{k) Q-i ^{Q)^-) Voo) (we recall from Section 2 that we disregard the Verschiebung 
maps of such evaluations). As Q/pQ has a finite p-basis, from [BM, Prop. 1.3.3] we get 
that each (filtered) F-crystal on CRIS{Spec{Q/pQ)/Spec{W{k))) is uniquely determined 
by its evaluation at the thickening £3. Thus DqjpQ is uniquely determined by (M ®w{k) 
(5, $((5)°, Voo), cf. [BM, Thm. 4.1.1]. Thus (a) holds for p > 2 and moreover from 
Grothendieck-Messing deformation theory we also get that (b) holds for p > 2. 

Next we include two extra ways of proving (a) that work for all primes p > 2. The 
first way does not assume that the property (C) holds for p = 2 and it goes as follows. 
We work with an arbitrary prime p>2. The existence and the uniqueness of Dg/pQ can 
be deduced from [dJ, Main Thm. 1]. Strictly speaking, loc. cit. is stated in a way that 
applies only to smooth /c-algebras. But as the field Kq/pQ has a finite p-basis, loc. cit. 
applies to show that Dkq^pq exists and is unique. Descent and extension arguments as in 
[dJ, Subsect. 4.4] show that T^q/pQ itself exists and it is unique. 
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We describe with full details the second way (as it is the simplest). Again we work 
with an arbitrary prime p>2 but if p = 2 we assume that the property (C) holds. 

Let 21 be the set of points of Spec{Q / pQ) whose residue fields arc algebraic extensions 
of k. Let Qo be the localization of Q with respect to a point po G 21. The residue field ko 
of po is an algebraic extension of k and thus it is a perfect field. The ring := Qo/pQo 
has a finite p-basis as Q/pQ does. Let Qq and Qo be the henselization and the completion 
of Qo (respectively). Thus Sq :— Qq/pQq is the henselization of Sq (this follows easily 
from [BLR, Ch. 2, Sect. 2.3, Prop. 4]). Let 5*0 := Qo/pQo- Let xi, . . . , G Qo be such 
that we can identify Qq — W{kQ)[[xi, . . . ,Xd]]- Let be the Frobenius lift of Qo that 
is compatible with crfcg and that takes xi to x^ for all I e S{G). 

Let (M (^wik) Qo, ®TV(fe) Qo, ^o, Vo) be the extension of (M ®wik) Q, F'^ ®w(fc) 
Q,$(Q)°, Voo) via Q ^ Qo but with $o as a ^g^-linear map. As in Subsection 3.3 1) 
we argue that the connection Vq on M <^w{k) Qo is uniquely determined by the equality 
Vo o $0 = ($0 (8) d^o) o Vo- We recall what $o is- 

The Qo-linear isomorphism (M + ^F^) ®w{k) aQo M (8)vK(fe) Qo defined naturally 
by $0 is the composite of a correction Qo-linear automorphism 

A:{M + ^F^) ^w{k) aQo ^ (M + ^F^) ^^ik) aQo 

and of the Qo-hnear isomorphism (M+ ^F^) ^w(k) aQo Qo defined by $(Qo)^ 

(see Subsubsection 3.1.2 (a) for $(Qo)°)- For / G S{G) let si := ^q^{zi) - zf e pQo- For 
a; e M + we have (cf. [Del, Formula (1.1.3.4)]) 

^{x®i):= (nv-(^)*o(^®i)n^- 

ii,i2,.--,idGNU{0} 1=1 ^ 1=1 

As Voo respects the G-action, ^ fixes each to, viewed as a tensor of T(M+ ^F-"^) 
crQ°[^]. Thus the reduction of (M ®w{k) Qo,F'^ ®w{k) Qo, ^o, (^a)aea) modulo the ideal 
{xi, . . . , Xd) of Qo, is a quadruple of the form 

(Af ®wik) W{ko),F^ W{ko),h{(l) ® cxfcj, (ta)aea) 

for some clement h G GLMiW{kQ)) that fixes ta for all ct G ^. We have h G G(VF(/co))- 
Thus (even for p = 2) the triple (M(g)vK(fc) W^(^o), -^^®w(fc) W^(^o), ^(0®crfc„)) is the filtered 
Dieudonne module of a imiquely determined p-divisible group D{h) over Spec{W{ko)) (for 
p — 2, cf. Proposition 2.2.4 and the fact that the property (C) holds). 

There exists a unique p-divisible group Dg^ over Spec(Qo) that lifts D{h) and such 

that the evaluation of its filtered Dieudonne crystal at the thickening (Spec(Qo/pQo) ^ 
Spec(Qo), S(p)) is (M 0wik) Qo, F^ ®wik) Qo, ^o, Vo). The argument for this goes as fol- 
lows. The existence of "Dq^ is implied by [Fa2, Thm. 10]. The uniqueness of Dg^ ><Spec(Qo) 
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Spec{Qo/pQo) is implied by [BM, Prop. 1.3.3 and Thm. 4.1.1]. Thus the uniqueness 
of itself follows from Grothendieck-Messing deformation theory and the fact that 

the natural divided power structure of the ideal p{xi,... ,Xd) of Qq is nilpotent mod- 
ulo p{xi,... ,XdY fo^^ ciU (J G N. We recall (cf. beginning of Section 1) that D^,^ := 
■^Qo ^Spec(Qo) Spec(S'o). In the next two paragraphs we will use descent in order to show 
that D^^ is defined over Spec ( ). 

The Sq S'o-module Sq'^ ^ghip) Sq'^ is free and has 11^65(0 ^Y[ieS{G) -^P' ^ 
^0 ®gh 5'o-basis, where ni, mi e {0, . . . , p — 1} for alH G S{G). Thus Sq Sq has a finite 
p-basis with cP elements. The normalization of Sq in Sq is 5*0 itself and thus Sq Sq is 
an integral domain. We check that 5*0 Sq is normal. We write 5*0 as an inductive limit 

5*0 = lini.ind.^giS'oi of normal 5'o-algebras of finite type indexed by the set of objects I of 
a filtered category. Thus Sq ^gi, Sq = lim.md.seiSos ^g^^ ^o- As R/pR is an excellent ring 

(see [Ma, Ch. 13, Sect. 34]), the homomorphism 6*05 6*0 ^ Sqs is regular. Thus the 

scheme 5*05 ^gb Sq is normal, cf. [Ma, Ch. 13, Sect. 33, Lemmas 2 and 4]. Therefore the 

scheme 6*0 ®gh Sq is normal. Let si, S2 : Spec(S'o ^gh Sq) —>■ Spec(5'o) be the two natural 
projection morphisms. 

Both ]D){sl{DgJ) and D(s^(D^J) are defined naturally by the triple (M ®w(k) 
Q, ^{Q)^, Voo) and therefore we have a canonical identification B(si(!D^^)) = B{sl{'DgJ). 
Let 9 : sKVgJ ^S2{D§^) be the unique isomorphism such that D(^) is this identification 

D(s*(D^J) = B{s^{T>g^)), cf. [BM, Thm. 4.1.1]. The local rings of Sq ^0 ®sh Sq 

are normal and have finite p-bases (this is argued as for Sq ®gh Sq). Thus based on loc. 
cit. we get naturally a descent datum on with respect to the faithfully fiat morphism 

Spec(5'o) Spec(5'o) (i.e., 9 satisfies the cocycle condition S2s{9) os^2(^) = ^lai^))- Thus 
standard descent of coherent sheaves of modules (see [BLR, Ch. 6, Sect. 6.1, Thm. 4]) 
applied to the finite Spec(S'o)-scheme D^^Jp"^] and to the evaluation of D(D^^[p"^]) at the 

thickening (Spec(S'o) Spec(Qoiy„(fc))7 ^(p))? shows that Dg^ is the pull back of a p- 
divisible group T)gh over Spec(S'Q) whose Dieudonne crystal is uniquely determined by its 

evaluation {M ®w{k) Qo^,^{Q 0)^,^00) at the thickening (Spec(,S^) ^ Spec{Q^^),5{p)); 
here and below we denote also by Voo its natural extensions. 

Repeating the arguments but this time using descent in the context of the pro-etale 
morphism Spec (5*0) Spec (5*0), we get that D^h is also the pull back of a p-divisible 
group over Spec(S'o) whose Dieudonne crystal is uniquely determined by its evaluation 
(M <^w{k) Qo, *(<5o)°, Voo) at the thickening (Spec(5o) ^ Spec(Q^), d{p)). 

Each point of Spec{Q/pQ) specializes to such a point po G 21, cf. Theorem 3.2 (c). 
Based on [BM, Thm. 4.1.1] we get that the I^q^JpQq^s glue together to define a 7>-divisible 
group Dq/pQ over Spec{Q/pQ) whose Dieudonne crystal is uniquely determined by its 
evaluation (M 0w{k) Q-, ^(Q)°; Voo) at the thickening 0. Thus (a) holds. 

We are left to prove (b) in the case when p = 2 and the property (C) holds. It suffices 
to prove the existence and the uniqueness of the lift Dqi^iq of '^q/pQ to Spec{Q/p^Q). 
We fix a lift of ©q/pq to Spec{Q/p'^Q), cf. [II, Thm. 4.4 a) and f)]. Let Sipf' 
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be the trivial divided power structure of the ideal {p) of Q/p^Q defined by the identities 
= 0, s G N \ {1}. We recall F~^(End\Y(^k){M)) is the maximal direct summand of 
Endvi/(fc)(M) on which G^n acts via // as the identity character of Gm, cf. Subsection 2.7. 
Let il-crys-iift (rcsp. XLiift) be the free Q /pQ-modu\e of lifts of <^w{k) Q/pQ to direct 
summands of M ^w{k) Q/p^Q, the zero element corresponding to the Hodge filtration 
defined by '^'qi^iq ^-^d by the divided power structure (resp. of the ideal (p) 

of Q/p^Q- The Q/pQ-niodule structure of £crys-iift (resp. of £iift) is defined naturally 
by identifying Lcrys-iift (resp. ^uft) with the set of images of the lift of M ®w{k) Q /p^Q 
that defines the zero element of £crys-iift (resp. of XLuft) through elements of the form 
lM0H'(fe)Q/p'Q +pw e GLm{Q/p'^Q), where u G F-^{Endw{k){M)) 0wik) Q/p^Q- Let 
L G ^crys-iift bc such that it corresponds to F^ ®w{k) Q/p^Q- 
We define a natural map of sets 

^Q/pQ • '^lift ~^ '^crys-lift 

as follows. Let x G iLuft and let Dg^^ag be the lift of Dq /^q defined by x and Grothendieck- 
Messing deformation theory (the divided power structure of the ideal {p) of Q/p^Q being 
^{pY^)- We define 'Mqipq{x) to be the Hodge filtration of M ®w{k) Q/p^Q defined by 
■^Q/p^Q ^^^^S divided power structure 5{p) of the ideal {p) of Q/p^Q- 

The map Mq/^q has a functorial aspect with respect to pulls back of T)qipq. Let 

1 : Spec(W^(fc)) ^ Spec(go) 

be a Teichmiiller lift whose special fibre is dominant. Here ^ is a big enough perfect field 
that contains the field of fractions Kg^. The map which is the analogue of Mq/^q 

but obtained using lifts of to W2{k)^ is injective (see proof of Proposition 2.2.4). 
Thus Mq/pQ is injective. Thus, if T^qi^iq exists, then it is unique. To !Dg^ ^Spec(Qo) 

Spec((5o/p^Qo) corresponds an element Lq G -C'lift'^Q/pQ'S'o- The images of Lq in £iift(8>Q /^q 
'S'o ®Sq Sq ®gh Sq via si and S2 are equal. Thus we have Lq G ^-nft ®Q/pQ Sq, cf. [BLR, 
Ch. 6, Sect. 6.1, Lemma 2]. Repeating the arguments in the context of the pro-etale 
morphism Spec(5'Q) — > Spec(5'o), we get that Lq G -Cuft ®Q/pQ Sq. From the injectivity 
of Mq/pq and of its analogue "localization" (thought to be Mg/^g ® Iso) ^tnd from 
the fact that M5o(Lo) = L, we get that Lq G £iift ®q/pQ Hpoea-S'o; here we use quotations 
for "localization" as we will not stop to check that the map Mg/pQ is indeed Q/pQ-linear. 
But Theorem 3.2 (d) implies that Q/pQ = flp^^a'S'o. Thus Lq G -Ciift- The element 
Mg/pg(Lo) — L G il-crys-iift IS as this is SO after tensorization with Sq over Q/pQ. Thus 
Mg/pg(Lo) = L i.e., T)Q/p2Q exists. This ends the proof of (b). □ 

3.4.2. Etale Tate-cycles. If p = 2 we continue to assume that the property (C) holds. 
Let the p-divisible group D be as in Theorem 3.4.1 (b). We consider the {Q)-lmeax 
monomorphism 



IT) 



M ®w{k) B+{Q) = M 0wik) Q ®Q iQB+{Q) ^ H^VkJ B+{Q) 
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constructed as (3), the Frobenius endomorphism of M ®w{k) B^{Q) = ^ ®w{k) Q ®Q 
i^B^i^Q) being ^{Q)^ ®^qipQ (here iq : Q ^ B^{Q) and ^g/pQ are as in Subsection 2.3 
and Subsubsection 2.3.5 but for Q; thus the VF(/c)-monomorphism iq is compatible with 
the Frobenius hfts $q and ^q/pq). Let e 7{H^{T)kq)[^]) ®Qp B+{Q)[j^] correspond 
to ta via the i?+((5) [^]-hnear isomorphism We check that Vq, G 7{H^{Dkq)[^])- 

Let % : Spec{W (k)) — > Spec((5o) be as in the last paragraph of the proof of Theorem 
3.4.1. We denote by Ti the W^(A;)-homomorphism B+{Q) B+{W{k)) defined naturally 

by T and the choice of a VF(A;)-homomorphism Xo : Q <S>q W{k) W(k) (see Subsection 
2.3 and the end of Subsection 2.1 for Q and W{k)). As X is dominant, the following restric- 
tion Too : Q — ^ W(k) of Xo is injective. Based on Lemma 2.3.1 (a) and (b) we easily get 
that the 14^(A;)-homomorphism W{Aq/pq) — > W{Aj^) defined naturally by loo is also in- 
jective. This implies that the W^(A;)-homomorphism : B+{Q)[j^] B+{W{k))[j^] 
is also injective. The image of Va via "^^ifjj^] is a tensor of T(if^(2)^j.j^-|) [i]), cf. end of 
Subsubsection 2.2.2. As we have a canonical identification H^{'Dkq)[^] = -f^^(2^_B(fc)) [^] 
of Zp-modules, the relation Vq, G 7{H^{'Dkq)[^]) is implied by the injectivity of 

The tensor G 7{H\T>Kq)[-]) is fixed by GaKKg/i^g) (as is so) and thus 
it is an etale Tate-cycle of V (more precisely, of Dq^i^). The pull back of (D, (ta)a6g) 

(resp. of {'D,{Vc,)o,ed)) via a° is {D,{ta)ae3) (I'esp- is {D, {vc)ae3))'^ this is so as : 
Spec{W{k)) Spec((5) is a TeichmuUer lift with respect to $q. 

3.4.3. Lemma. If p = 2 we assume that the property (C) holds. To prove the Main 
Theorem for {D, (ta)aea) enough to prove the Main Theorem for an arbitrary pull 
back of {D, {ta)a&3) f^io- o W{k)-valued point of Spec{Q). 

Proof: All pulls back of (D, {Va)ae3) '^i^ -B(A;)-valued points of Spec((5) are isomorphic 

to {H^{D), {vct)cee3)- Moreover each pull back of (D, {tct)cee3) '^i^ ^ VF(/c)-valued point of 
Spec((5) is of the form {D{h), {tci)ae3)^ where the p-divisible group D{h) over Spec(VF(/c)) 
has a filtered Dieudonne module of the form (M, F^, h^)) for some element h G G{W{k)) 
(see the paragraph of the proof of Theorem 3.4.1 that pertains to D{h), applied with 
ko = k). The Lemma follows from the last two sentences. □ 

3.4.4. Remarks, (a) Suppose that p = 2 and G is smooth. One can use Artin ap- 
proximation theory to show that D always exists, provided modulo p we work in the etale 
topology of Spec{Q/pQ) and we allow changes in the filtration ^w{k) Q of M i^iwik) Q 
(i.e., we replace the cocharacter hq : Gm — Gq by a Kei{G{Q) G((5/pQ))-conjugate 
of it). In general, D is not unique and (unfortunately) there exists nothing to guarantee 
that we can work with a single connected etale cover of Spec{Q / pQ) . 

(b) Suppose that p = 2 and that there exists no element h G G{W(k))^ such that 
{M®iy(^k-jW{k), h{4)^ai^)) has both Newton polygon slopes and 1 with positive multiplic- 
ities. We refer to the element h G G{W{ko)) of the proof of Theorem 3.4.1. Considering 
a Teichmiiller lift Spec(VF(/co)) Spec((5) that factors through Spec((5o), we get that 
(M 0w{k)W{ko), h{(l) ® (jfeo)) is isomorphic to (M ®w{k) W^(^o), ^(^ ® (Jko)), for some 
h G G{yV{k))^. Thus Subsubsections 3.4.1 to 3.4.3 continue to hold in this case (the same 
proof applies). 
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(c) If p is arbitrary and the property (C) holds, then one can check that Q = R^. 

3.5. Application. Until Section 4 we assume that k = k. We recall that G'^ is the identity 
component of (see Subsection 2.6). Let g G G{W{k))'^; thus g modulo p belongs to 
G'^{k). Let bg-.Y ^O, : Y^, Qg, Mq^, T)g, and C Yk be the analogues 

oib :Y ^ O, -.Y^ ^ Y^, Q, Mq, 2), and 'Bicj)) C Yk but obtained working with gc/) 
instead of with (p. We take h G Y{W{k)) r\Y{W{k))g such that modulo p does not define a 
fc-valued point of 'B{g(f)) US(0) and the composites oi hob and hg~^ obg are defined at the 
level of rings by homomorphisms W{k)[zi, . . . , 2;^] — > W{k) and W{k)[zi, . . . ^z^] ^ W{k) 
that map each zi to Gm{W{k)); here I G S{G). This makes sense as g modulo p belongs to 
G'k{k) and as !B(^0) U!B(0) does not depend on h (cf. Theorem 3.2 (d)). As in Subsection 
3.1 we can assume that in fact both these two homomorphisms W{k)[zi, . . . ,Zd\ ^ W{k) 
are such that they map each zi to 1 (cf. also Theorem 3.2 (d)). 

Let ah ■ Spec{W{k)) — > Spec((5) (resp. a^g-^ : Spec{W{k)) — >• Spec{Qg)) be a 
morphism that lifts the W{k)-valued point h (resp. hg~^) of it is a TeichmuUer lift 
with respect to the Frobcnius lift $q (resp. $Qg) due to the fact that $q (resp. $Qg) 
preserves the ideal of Q (resp. of Qg) generated by (21 — 1, . . . , — 1). Thus the pull back 
of (Mq, (ta)a6a) (resp. (Mq^ , (ta)a6a ) ) via tt/^ (rcsp. tthg-i) is (M, (ta)a6a), 
where the cr-linear map (pi : ^ M takes x G -F^ to This achieves the connec- 

tion of each {M, , cj), G, {ta)aed) {M, F^, gcp, G, {ta)aed) with the same quintuple 
{M,F\h(l>,G, (ta)«ea). 

Let Tk be a maximal torus of G'^ through which //fc : Gm G'^ factors (see Subsec- 
tion 2.6). Let T be a maximal torus of G' that lifts Tk, cf. [DG, Exp. IX, Thms. 3.6 and 
7.1]. Up to (j"(VF(/c))-conjugation, we can assume that n : G' factors through T (cf. 

loc. cit). As the T-module M is a direct sum of T-modules of rank 1, the group scheme 
Ker(T — > GLm) is of multiplicative type and thus flat over Spec(VF(/c)). The generic fibre 
of Ker(T — > GLm) is trivial. From the last two sentences we get that Ker(T — > GLm) is a 
trivial group scheme over Spec(iy(/c)). Thus we can also identify T with a torus of GLm 
that is a maximal torus of G. 

Let :— (puip)] it is a cr-linear automorphism of M. The Lie algebra (/)(Lie(T)) = 
(T<;i(Lie(T)) is the Lie algebra of a maximal torus cr<^(T) of G and thus also of G' , cf. 
property 2.6 (in). Let ^0 e G'^{k) be such that gQa^{T)k%^ = T^, cf. [Bo, Ch. V, Thm. 
15.14]. Let go G G'{W{k)) be such that it Hfts % and we have go(T^{T)gQ^ = T, cf. [DG, 
Exp. IX, Thm. 3.6]. Until the end of this Section, we will take g := go. 

The triple (M, g(f), T) is such that factors through T and g(j){Lie{T)) = Lie(T). We 
consider a set 3t that contains d and a family of tensors {ta)ae3T of F°(T(M))[^] that 
extends {ta)ae3 that has the following two properties (cf. Lemma 2.5.3): (i) gcp fixes 
each ta with a G 3t, and (ii) 7b(/c) is the subgroup of GLj^^i-^ that fixes ta for all a G St- 

3.5.1. Theorem. It suffices to prove the Main Theorem under the extra hypothesis that 
G is a torus. 

Proof: We first prove this Theorem in the case when either p > 2 or p — 2 and the property 
(C) holds. For h G G'{W{k)) let D{h) be the p-divisible group over Spec{W{k)) whose 
filtered Dieudonne module is (M, F^, hep), cf. Proposition 2.2.4. If p = 2, then the property 
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(C) also holds for either (M.gcl^.T) or {M,h(f),G). The puU back of (D, (ta)aea) (I'esp- 
of its analogue (D^, {ta:)ae3) O'^sr Spec{Qg)) through (resp. a/i^-i) is {D{h), {ta:)oied)- 
Thus to prove the Main Theorem for (D, {ta)oie3) (resp. (D((7), (tQ,)Q,gg)) is equivalent 
to proving the Main Theorem for [D[h), {ta)aed)j cf. Lemma 3.4.3. Thus the Main 
Theorem holds for (D, {ta)aed) if only if the Main Theorem holds for {D{g), {ta)aed)- 
If the Main Theorem holds for {D{g), {ta)cte3T)j then the Main Theorem also holds for 
{D{g), {tQ.)a€3)- TB(k) is the subgroup of GLj^^i^ that fixes ta for all a e 3t, to prove 
the Main Theorem in this case we can assume that G = T. 

We are left to prove the Theorem in the case when p = 2 and is a torus. 

It is enough to show that G is a torus. Let £'^* be the semisimple Z^-subalgebra of 
Endzp (-ff^(-D)) formed by all endomorphisms fixed by Gf*. Thus £'^* is a semisimple 
Zp-subalgebra of End{D^) and by functoriality we can identify £'^* with a semisimple Zp- 
algebra £ of endomorphisms of {M,F^,(j)). The centralizer of £'^* in GLhi(^d^ is a torus 
^iZp ^^Sit contains As ^Di^] is an isomorphism, the group schemes G and G^^ 

are isomorphic over Spec{B^ (W {k))[-^]); thus GB{k) is a torus. The centralizer C of the 
semisimple VF(A;)-algebra £ (8)Zp W^(fc) in GLm is a product of general linear group schemes 
whose extension to Spec(5+(VF(A;))[-^]) is isomorphic to G'^ib+ {w {k))[-^y '^^^'^ C is a split 
torus. As GB{k) is a subtorus of CB{k): G is a subtorus of C. Thus G is a torus. □ 

4. Proof of the Main Theorem 

In Subsections 4.1 and 4.2 we prove the Main Theorem. See Subsection 4.3 for an 
example that illustrates the computations of Subsections 4.1 to 4.2. See Subsection 4.4 for 
the proof of Corollary 1.4. Subsection 4.5 contains two remarks. We will use the notations 
of Subsubsections 2.1, 2.2.1, and 2.2.2. Until Section 5 we assume that k = k. 

4.1. Notations and simple properties. We start the proof of the Main Theorem. 
To prove the Main Theorem we can assume that G is a torus T, cf. Theorem 3.5.1. Let 
H : Grn — > T be as in Subsection 2.1 (it is easy to see that = iJ-can)- a,^, M^^, and 
Gzj, be as before Lemma 2.5.2. Let :— and let T^^ := G^^,- The hypothesis of the 
Main Theorem for p = 2 says: if p = 2, then either the group scheme T|* over Spec(Zp) is 
a torus or at least one of the two p-divisible groups and D^. is connected. Let TgZp be 
the smallest subtorus of T^^ such that /x : Gm T factors through Tq := Tovi/(fc)- Thus Tq 
is the subtorus of T generated by the images of the conjugates of ^ under integral powers 
of (p. Let £ (resp. £'^*) be the Zp-subalgebra of endomorphisms of M^^ (resp. of H^{D) 

and thus also of D^) fixed by Tz^ (resp. by T|*). As Tz^ is a torus, £ is a semisimple 
Zp-algebra. Let Tiz^ be the double centralizer of T^^ in GLm^^ (i-e., the centralizer of £ 
in GLmz^)- Thus Ti := Tivt^(fe) is the double centralizer of T in GLm- Both Tiz^ and Ti 
are tori. Let T2Zp be a maximal torus of GLm^^ that contains Tiz^- Thus T2 := T2w{k) 
is a maximal torus of GLm that contains Ti and such that we have 0(Lie(r2)) = Lie(T2). 
Let n and m be the ranks of F° and (respectively). 
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Let !B := {ai, . . . ,a„_|_TO,} be a W{k)-hasis for M — ® such that we have 
inclusions {ai,... ,a^} C F^ and {a„_|_i,... ,a„_|_TO,} ^ -f^^ and moreover T2 normahzes 
W{k)x for all x G S. For z G {1, . . . , n} let := 0. For z G {n + 1, . . . , n + m} let := 1. 
As (/)(Lie(T2)) = Lie(T2), there exists a permutation tt of the set {!,... , n + m} such that 
we have 4>{ai) G Gm{W {k))p'^* a-j^i^i) for all z G {1, . . . ,n + m}. By replacing each ai with a 
suitable Gm(M^(A;))-multiple of it, we can assume that we have 

=P^'o^(i) Vi G {!,... ,n + m}. 

Let 01 : — > M be the cr-linear map such that for alH G {n + 1, . . . , n + m} we have 
(j)\{ai) := a7r(4). The reduction of (M, 0i) modulo p is D(D[p]) of Subsubsection 

2.3.3. 

4.1.1. Lemma. We have = £ and T|* Z5 a toras. 

Proof: Each element of £ (resp. of £^*) when viewed as a tensor of T(M[i]) (resp. of 
7{H^{D))) is fixed by both (j) and /U (resp. by Gal(i?(/c))). The functorial aspect of 
Fontaine comparison theory allows us to identify £^*[^] = £[^] in such a way that £^^ 
is a Zp-subalgebra of £. If p > 2 or if p = 2 and either or D\. is connected, then 
we have £«'* = £^*[y r\¥.nd{H^{D)) = £[i] n End((M, F^, 0)) = £ (cf. Lemma 2.2.3). 

If T|* is a torus, then E'^* is a semisimple Zp-algebra and therefore a maximal order 

of £^*[^] — £[^]; thus £''* = £. Therefore we always have £^* = £ and thus £®* is a 
semisimple Zp-algebra. An argument similar to the one of the proof of Theorem 3.5.1 
shows that T|* Xspec(Zp) Spec{W{k)) is a subtorus of the split torus that is the centralizer 
of £^* <^Zp W{k) in GLHi{D)®z^w{k)- Thus T|* is a torus. □ 

4.1.2. Decomposing D. Let tt = Y[iee{n)'^i decomposition of tt into cycles. 
If Z G e(7r) and if tti = {h, . . . ,iq) with q e N, let Mi := ©^^^l^(A;)a,^. We get a 
direct sum decomposition (M, F^, 0) = ®«ee(7r)(-^h fl F-*^, 0). The projection of M on 

along ®i>^e{-K)\{i}Mi' is an element of £ = £^*. Thus the direct sum decomposition 
{M,F^,(/)) = Q)iee{Tr)iMi, Ml nF^jCj)) defines a product decomposition D = Y[iee{Tr)^i 
into p-divisible groups over Spec(VF(A;)) whose special fibres have a unique Newton polygon 
slope. Below we will often use this fact in order to reduce our computations to the simpler 
case when tt is a cycle. 

4.1.3. Lubin— Tate quadruples. We say that {M, F^,(j),T,{ta)aed) ^ Lubin-Tate 
quadruple if m = 1 and tt is a cycle (equivalently, if the VF(/c) -module F^ has rank 1 and 
the F-isocrystal (M, </>) over k is simple of Newton polygon slope ;;^). 

We check that if {M, F^ , (f),T, {ta)ae3) is a Lubin-Tate quadruple, then we have 
Tq = Ti = T — G — T2. The co character n : G^n — ^ GLm of (M, F^, 0) acts trivially on 
for i G {2, . . . ,n + m} and non-trivially on ai. Thus Tq contains the rank 1 subtorus of 
T2 that fixes 02, 03, ... , and Q.jj_|_jj^. But (p normalizes Lie(FQ jj^^ji^^) (cf. the very definition 
of To) and thus Tq contains the subgroup scheme of T2 generated by the images of the 
conjugates of /i under powers of 0. Therefore by induction onzG{l,...,n-|- m} we get 
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that To contains the rank 1 subtorus of T2 that fixes ai+j, . . . , an+mi 0,1, ... , and aj_i. 
Thus T2 ^ To. Therefore we have Tq = Ti = T = G = T2. 

4.1.4. Theorem. There exists t e T{B+{W{k))[-^]) that takes the B+{W{k))-submodule 
iiD[j^])-^H^{D) B+{W{k))) ofM®wik) B+{W{k))[j^] onto M ®w(k) B+iW{k)). 

4.2. Proofs of 1.2 and 4.1.4. To prove the Main Theorem is equivalent to proving 
Theorem 4.1.4, cf. Lemma 2.5.2 (b) and Fact 2.5.1 (b). We will prove the Main Theorem 
and Theorem 4.1.4 in the next eleven Subsubsections. 

4.2.1. Lemma. Suppose that T = Ti (for instance, this holds if {M, F^,(f),T, {ta)aed) 
a Lubin-Tate quadruple) . Then the Main Theorem and Theorem hold. 

Proof: As T = Ti, T is the centralizer of £ in GLm- Thus to prove the Main Theorem and 
Theorem 4.1.4 we can assume that £ = {ta\a e d} and = {va\a e d}, cf. Fact 2.5.1 
(a) and (b). Let A := £^* W{k) = £ W{k), cf. Lemma 4.1.1. The -algebra 
^ is a finite product Ilfes -^^i (^(^)) °^ matrix -algebras (here each G N). Each 
representation of YlieJ -^ni^i^)) ^ ^^^^ VF(A;)-module of finite rank is a direct sum 
indexed by z e J of a finite number /j of copies of the standard representation of M^. {W{k)) 
of rank r^. The representations of ^1 on M and H^{D) (8)^^ W{k) involve the same numbers 
/i, as the tensorizations of these representations with B'^ (W {k))[-^] are isomorphic (cf. 
Subsubsection 2.2.2). Thus the representations of ^ on M and H^{D) (E)Zp W{k) are 
isomorphic i.e., there exists an isomorphism p : (M, {ta)aed) ~* {H^{D)^z W{k), {va)ae3)- 
Thus the Main Theorem and Theorem 4.L4 hold. □ 

4.2.2. The Wi elements. Let t e Ti{B~^ {W{k))[-^^) be an element that takes the 

B+{W {k))-modnle {iD[j^^])~HH\D)®z,B+{W{k))) onto M(»w{k)B+{W{k)), cf. Lemma 

4.2.1 . As in is a i?"'"(VF(A;))-monomorphism and as Po annihilates Coker(io), there exist 
elements Wi e B+{W{k)) n G^{B+{W{k)) [j^]) such that we have 

t{ai) = Wiai, Vz e {1, . . . ,n -I- m}. 

Let Qk : B~^{W{k)) V{k)/pV{k) be as in Subsubsection 2.2.2. To compute the 
QkiwiYs (see Proposition 4.2.5 below) we need few extra preliminaries. In all that follows 
we assume that the difi'erent roots of p which will show up are powers of a fixed high order 
root (like the (p'"+'^)!-th root) of p and that qki^o) £ V{k)/pV{k) is pp modulo p. We 
consider the system § of equations 

= {-p) p ie {1,... ,n + m} 

in n -h m- variables Xi, . . . , Xn+m over V{k). We fix a non-zero solution {Zi, . . . , Zn+m) 
of S. Let V : K{k) \ {0} — > Q be the valuation of K{k) normalized by v{p) = 1. 

4.2.3. Lemma, (a) If n is a cycle, then any other non-zero solution of §> is of the form 

(17) (7Zi,7^"^2,...,7^"^'"^n+m), 
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where 7 e Hpn+m _i{W {k)) C V{k) and where for i e {2, . . . ,n + m} t/ie number rji e 
{1, ... , n + m — 1} is such that tt^^{1) = i. 

(b) Fori G {1, . . . , n+m} there exists a rational function Qi{x) G Q{x) that depends 
on IT and n but not on p and such that we have v{Zi) = Qi{p) G [0, p(^p_i^ ] H Q. 

(c) If {ii, . . . ,iq) is a cycle of n, then we have Qi^{p) = p(^J-i-) ^/ '^'^'^ only if Si^ = 
■ ■ ■ = Si =1. 

Proof: Part (a) is trivial. To prove (b) and (c), let (zi, . . . , iq) be a cycle of tt of length q 
and let ig+i := ii. Let 



(18) Q,A-) ■■= ^ 



X 



1—3- 



From the shape of S we get zf^ = (-p) - ■<'>'^*.+i=^ Zi^. As Zi^ G V(k) \ {0}, 

we get that v(ZiJ = < E?=i = Thus QM G [0, ^^^^l n Q and 

therefore (b) holds. We have Qi^ip) = p(p_i) if and only if Y,j^{i,...,q},s,.^^=i^'^~^ = 
jyj^i ^^"■^ i-^-; if and only if = • • • = = 1. Thus (c) also holds. □ 

4.2.4. Proposition. We recall that i}j:Tp{DB(k))®z^B+ {W{k)) ^ M*(^wik)B+iW{k)) 
is the dual of the B'^ {W{k)) -linear monomorphism in '■ -^®vk(A;)-S''"(W^(^)) ^ H^{D)<S>Zp 
B+{W{k)) of(l). Letm : M ^ H\D)®^^B+{W{k)) and r}, -.TpiDB^k)) ^ M* ®w^k) 
B^{W{k)) be the natural restrictions ofio andi}-, (respectively). Then the ¥p-linear maps 
ro modulo p and r]-) modulo p are infective. 

Proof: We recall that I3q annihilates Coker(z/)) and Coker(i|)) and that i?fc(/3o) is p'^^ 
modulo p times a unit of V{k)/pV{k) (see Subsubsections 2.2.1 and 2.2.2). Thus if p > 2, 
then the Fp-linear maps ro modulo p and r|) modulo p are injective. We check that 
ro modulo p is injective even for p = 2. To check this, we can assume tt is a cycle (cf. 
Subsection 4.1.2). We show that the assumption that ro modulo p is not injective, leads 
to a contradiction. This assumption implies that there exists i G {1, . . . ,n + m} such that 
WiepB+{W{k)). 

By induction on j G {0, . . . , n + m — 1} we check that w^+j G pB^{W{k)) (here 
Wn-\-Tn-\-a := tf^s for s G {1, . . . , z — 1}). The case j = is obvious and the passage from j 
to J + 1 goes as follows. If i + j <?i, then zj)(ai+j+i ® 1) = {1h^{d) ® ^kjiioicii+j ® 1)) £ 
{lH^^D)®^k){H\D)®^^pB+{W{k))) <Z H\D)®j^^pB+{W{k)). Ifz+j >n, then due to 
the fact thatij) respects filtrations we have 2o(ai^j_l_i(8)l) = (ljyi(£))(g)$ifc)(iD(fli+j®l)) ^ 
{lH^^D)®^ik){H\D) ®z,pF\B+{W{k))) C H^{D) pB+ {W (k)) . Thus regardless of 
what i + j is, we have Wi+j+i G pB'^{W{k)). This ends the induction. 

Thus ro modulo p is the map. Referring to (2), we get that lm{jD) C pH^{D) ®i 
gr^. As we also have pH^{D) ®ip gr^ ^ Im(j£)) (see proof of Lemma 2.2.3) we get that 
Im(j/)) = pH^{D) gr^. Thus for each j G {1, . . . ,n}, the element bj G H^{D) 
B^{W{k)) defined by the equality ioicij ® 1) = pbj is such that its image in H^{D) k 
is non-zero. Thus (1hi(£)) ® ^kYi^j) modulo p is non-zero for all s G N. Taking s » 
we get that the Newton polygon slope ^^^^ of (M, 0) is 0. Therefore D is etale. Thus id 
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is an isomorphism and therefore td modulo 7? is injective. Contradiction. Thus td modulo 
p is injective even if p = 2. This implies that modulo p is injective even if p = 2. □ 

4.2.5. Proposition. Let (xi,... , x^+m) the reduction modulo p of the solution 
{Zi, . . . , Zn+rn) we fixed in Subsubsection 4-2.2. Then for each i e {1, ... ,n + m} there 
exists Vi e Gm{V (k) / pV (k)) such that we have 

(19) Qkiwi) = qki^oY'xiVi. 

Proof: To check Formula (19) we can assume that tt is a cycle (zi, . . . , im+n), cf. Subsection 
4.1.2. Thus {M,(l)) has only one Newton polygon slope We first check (19) in the 

case when n = 0. As n = 0, we have D = //JJL and thus each Qi{p) is p(^p_i^ (cf. Lemma 
4.2.3 (c)). We also have Im(ii^) = H^{D) l3QB+{W{k)) (see Subsubsection 2.2.2) and 
thus each wi, . . . ,Wm is a G^(5+(Vr(A;)))-multiple of Pq. But up to Gm{V (k) / pV (k))- 

multiples, Xi is pp(p^ modulo p (cf. Lemma 4.2.3 (c)) and QkiPo) is p^^ modulo p (see 
Subsubsection 2.2.1). As p~ — pppp(p-^) , we easily get that Formula (19) holds if n = 0. 

We prove Formula (19) in the case when n > 0. As n > and as tt is a cycle, we 
have Qi{p) G [0, p(^p_i^ ) for alH G {1, . . . , n + m} (cf. Lemma 4.2.3 (b) and (c)). 

The r^) modulo p and the extension <, > to {W (k)) / pB~^ (W {k)) of the perfect 
pairing <, >: Tp{DB{k))/pTp{DB{k)) x H^{D)/pH^{D) ¥p define an Fp-linear map 

ji : Tp{DBik))/pTpiDBik)) ^ }iom{B{D\p]),B{B+{W{k))/pB+{Wikm 

via the formula {ji{x)){y) —< x,z >e B~^{W{k))/pB~^{W{k)), where y e M/pM and 
X e Tp{DBik))/pTp{DBik)) and where z e H\D)/pH\D) Of, B+ {W {k)) / pB+ {W {k)) is 
the image of y through modulo p. The epimorphism J}[B'^ (W {k)) / pB'^ iW {k))) -» 
^{y {k) / pV {k)) defined by g^, defines an Fp-linear map 

j2 : Hom(D(D[p]),©(S+(W(A;))/pS+(W(/c)))) ^ Y{om{p{D\p]) ,B){V {k) / pV {k))) . 

As ro modulo p is injective, ji is an Fp-linear monomorphism. We check that j2 is also 
an Fp-linear monomorphism. 

Let X : M/pM — B^ {W {k)) / pB^ {W {k)) be a /c-linear map that defines an element 
of Ker(j2). The kernel of the /c-epimorphism B+ {W {k)) / pB+ {W {k)) V{k)/pV{k) de- 
fined by qk is annihilated by the Probenius endomorphism of 
B+{W{k))/pB+{W{k)). Thus x annihilates Im((^) modulo p. As 71 > 0, we get that 
there exists i G {1, . . . , n -|-m} such that x annihilates modulo p. As Im((/)) modulo p is 
contained in Ker(x) and as modulo p maps Ker(3;) \^F^ /pF^ to Ker(x), by induction on 
s G {0, . . . , n + m — 1} we get that x annihilates Ut^s modulo p. Thus, as tt is a cycle and 
as Ker(x) is a fc-vector space, we have x = 0. Therefore j2 is an Fp-linear monomorphism. 

Let X : M/pM V{k)/pV{k) be a /c-linear map that defines an element of 
B.om(D{D\p]),]D){V{k)/pV{k))). As x{F^/pF^) belongs to qk{^o)V{k)/pV{k), the image 
through X of modulo p is of the form qkiCoY^Vi: where yi G V{k)/pV{k). But x takes 
(j)ei{ai) modulo p to q'A;(Co)^''^'*'2/7r(i) as well as to {—yiY (cf. the definition of ^k and ^ifc 
in Subsubsection 2.2.1). Thus (j/i, . . . ,yn+m) is a solution of the reduction of § modulo 
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p. Conversely, if (yi, . . . ,yn+m) is a solution of the reduction of § modulo p, then the 

map X : M/pM V{k)/pV{k) that takes modulo p to qkiioY^Vi does define an el- 
ement of Hom(D(D[p]),D(y(/c)/py(A;))). Thus, as a set, Hom(D(D[p]), D(y(/c)/py(A;))) 
is in bijection with the set of solutions of the reduction of S modulo p. Thus, as V{k) 
is strictly henselian and § defines a finite, flat F(fc)-algebra of degree p^+'^^ the number 
77-0 of elements of Hom(D(D[p]), D(l/(/c)/pl/(/c))) is at most and therefore at most 

equal to the number of elements of Tp{DB(k))/pTp{DB(k))- As ji and j2 are Fp-linear 
monomorphisms and as Tp{D B{k)) / pTp{D B{k)) has elements, by reasons of orders of 

finite abelian groups we get that no = and that both ji and j2 are isomorphisms. 

Let {a\, . . . , a*_|_^} be the W{k)-hBsis for M* which is the dual of the VF(/c)-basis 
!B = {ai, . . . ,a^} of M. Let 

SD : Tp{DBi^k))/pTp{DB(^k)) ^ M* ®w{k) V{k)/pV{k) 

be the Fp-linear map defined naturally by i*£)®'^v {k) / p{v {k) (the tensorization being with re- 
spect to qk : B^{W{k)) -» V{k)/pV{k)). As j2°3i is an isomorphism, from the description 
of Hom(D(D[p]),D(y(/!;)/pF(A;))) we get that [V{k) /pV{k)]lm{sD) is the V{k)/pV{k)- 
submodule of M* ®w{k) V{k)/pV{k) generated by elements of the form ^^^j^ a* ® 
<lk{ioY^yi^ where (yi, . . . ,yn+m) runs through all reductions modulo p of solutions of S 
(for p>3 this result is a particular case of [Fa2, Sect. 4, p. 128]). The Moore determi- 
nant of the square matrix of Mn+rn{W{k)) whose rows are (7,7^ , . . . , 7^ n+m-^^ with 7 
running through /ipn+m _i(W (k)) , is invertible (cf. [Go, Def. 1.3.2 and Lem. 1.3.3]). From 
this and (17) we get that V{k)/pV{k)lm{sD) is generated by all a* ® Qki^oY^Xi^s with 
i E {1,. . . ,m + n}. As ^ + Qi{p) < ^ + ^(^zj) = ^ < 1, each element qki^oY'Xi e 
V{k)/pV{k) is non-zero; therefore sd is injective (even if p = 2). On the other hand, as 
i}j is the dual of and as we have t{aii) — WiGi (see Subsubsection 4.2.2), we easily get 
that V{k)/pV{k)lm{sD) is generated by all a| QkiwiYs with i e {1, . . . ,m + n}. Thus 
for z e {1, . . . , n -h m}, we get that qk{wi) is a G^(F(A;)/pF(A;))-multiple of qkHQY^Xi. 
Therefore (19) holds even if n > 0. □ 

4.2.6. A Lubin— Tate quadruple. To the quintuple {M, , (l),T, {ta)ae3) asso- 
ciate a Lubin-Tate quintuple (M, F^, T, (^0,)^^^) to which we can apply Subsubsections 
4.2.1 to 4.2.5. Let o{n) be the order of tt. Let n(7r) G N be the smallest number with the 
property that for each cycle (ii, . . . , iq) of tt, there exist at most n{n) distinct cycles of tt 
of the form (i'l, . . . and such that up to a cyclic rearrangement we have £j' = £j^. for 

all j e {1,.. . , q}. Let r e o(7r)n(7r)N. Let {oi, ... , a^} be a W(fc)-basis for M := l^(fc)''. 

For s G N and i G {1,... ,r} let dsr+i '■= tti- Let -D be the p-divisible group 
over Spec(VF(A;)) whose filtered Dieudonne module is (M, F^,^), where := W{k)ai, 
(f){di) = pd2, and (j){ai) = a^+i for i G {2, . . . , r} (cf. Lemma 2.2.3 and Proposition 2.2.4). 

Let (F^(T(M))),ez be the filtration of T(M) defined by F^. Let 

(M, F\ 0)®^ := (M®^ (F*(T(M)) n M®")iez, ^). 

Let (ta)aGa °f tensors of F°(T(M))[^] fixed by 0. Let 5^ G 7{H^{D)[^]) 

be the element that corresponds to 1^ via the following S+(I4^(fc))[-^]-linear isomorphism 
^^[^1 ■■ M ®w{k) B+{W{k))[j^]^H\D) B+{W{k))[j^] obtained as z^, of (1) was. 
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Let G be the schematic closure in GLj^ of the subgroup GB{k) of ^-^M[i] ^^^^ 
ia for all a E d- Let T be the maximal torus of GLj^^j that normalizes W{k)ai for all 
z e {l;-^- j''}- Let /i : Gm — > G be the inverse of the canonical split cocharacter of 
(M^F^jCj)), cf. end of Subsection 2.1. As G contains the conjugates of fi under 0, it also 
contains T. As Lie(T) is generated by elements of F^{7{M)) fixed by ^, G fixes Lie(T) 
and thus G is contained in T. Therefore G = T (this also follows from Subsection 4.1.3). 

4.2.7. The Wi elements. The double centralizer of T in GL^ is T itself. Thus there 
exists i G T(S+(W^(/c))[^]) such that it takes B+(W{k))) onto 
M ®w{k) B^{W{k)), cf. Lemma 4.2.1 applied to {D, {ia)^^^^)- As in Subsubsection 4.2.2, 
for i e {1,... ,r} let Wi G B+{W{k)) n G^(S+(M/(A;))[^]) be such that i{ai) = w,a,. 
Let tUj+r := t^i- Thus qk{wi) G is well defined for z G {1, . . . ,2r}. We apply 
Lemma 4.2.3 and Proposition 4.2.5 to (M,F^,0) (thus (n, m) and tt get replaced by the 
pair (r — 1,1) and by the cycle (12 ... r)). As q'fe(Co) is modulo p, from (18) and 

(19) we get that qk{w\) is a GTO(l^(A;)/pF(A;))-multiple of p' -i modulo p and that for 
z G {2, . . . , r} the element qk{wi) is a Gm{V (k) / pV {k))-'nm\ti]Ae of p p"^-! modulo p. 

4.2.8. Proposition. The triple {M,F^,(j)) is a direct summand of (Bl^i{M , ^ <p)'^'^ ■ 

Proof: We fix a cycle tti = (ii, . . . ,2^) = (z^ i, . . . ,ig^i) of tt. Let £(7ri) := Y.l=i ^is- Let 
TTi, 7r2, . . . , TT^j be all distinct cycles of tt of length q that are of the form tTj = (ii j , . . . , ig^j) 
with [si^ . , . . . , J = (£i^ , . . . , £ij (here j G {1, . . . , w} and it G N). We have ^ G N and 
tt< ^, cf. the definitions of o(7r) and n(7r) in Subsubsection 4.2.6. For j G {1, . . . , |} let 
Cj G Qrn{W{k)) be such that cr'^iQ) = Cj ^^d the reductions modulo p of Ci, • • • , ^re 
linearly independent over ¥pq . 

For (i G {1, . . . ,£(7ri)} let G {1, . . . , be such that we have Si < S2 < ■ ■ ■ < Se(7ri) 
and {sd\d G {1,... ,£{t^i)}} = e {!,••• = !}• For (d, i) G {1,... ,£(7ri)} x 

{0,...,^} let 

Wie(7ri) := r + 2 - Sd + (r - 9)! 

We note that the numbers h modulo r, . . . , /i;£(7ri) modulo r are all distinct. 

For J G {1,... ,«}letc,- : {®U,W{k)a,^]j, F^n®U,W{k)ai^j, cP) ^ (M, F\ (^)®f ^('^^ 
be the unique morphism that maps ai^j to the sum 

r* — q 

g 

^ c^'"'(0)at,g+/i ai,g+/2 «) • • • ai,5+/^^(^^^. 

•u=0 ^ 

For s G {1, . . . , q-}, we have 4>{a8-i+vq+h <S> ■ ■ ■ <S> as_i+„g+/, ) = p'^^^^as+vq+h <S> ■ ■ ■ <S> 

q ^ 1 

ag+vq+ir , ^, where u{s) G {0,1}. We have u{s) = 1 if and only if there exists {d,i) G 

{1, . . . , e{ni)} X {0, . . . , ^} such that s-l+vq+la+is{ni) = s-l+vq+r + 2-Sd + {r -q)i 
is congruent modulo r to 1 i.e., if and only if s G {si, . . . ,Se(7ri)}- This implies that Cj 
exists; the uniqueness of Cj follows from the fact that tTj is a cycle. 
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For j & {u + 1, . . . , |}, let Im(cj) be the natural analogue of Im(ci), . . . , Im(cy). As 

the reductions modulo p of Cj's are linearly independent, the Moore determinant of the 
square matrix of Mr (k) whose j-th row is the reduction modulo p of (Cj, a'^{Q), . . . , o-^~'^{Cj)) 
is invertible (cf. [Go, Def. 1.3.2 and Lem. 1.3.3]). Thus the morphism Cj is injective 

and its image has ©J^^_,_;^Im(cj)©(5'(7ri), (F^ {7{M)) H S (tvi)) if^z, (f)) as a direct supplement 
in (M, F^, (^)® 9'^^'^^-*. Here 5'(7ri) is the M^(A;)-span of those elements aj-^ ® ■ ■ ■ ® ^jr£(,ri) 
of M®?^'^'^i) that are not of the form d^j^i-^ ® ■ ■ ■ d^+ir^^^^^ for some w G {1, . . . , r}. 

We note that ^^iT^'i) <r. We consider a different sequence tt^, . . . , tt^, of cycles of tt 
that is analogue to the sequence tti, . . . , tTu- The numbers e{7Vi), /i, . . . , /i:£(7ri) canoni- 

cally associated to tti. Thus the morphism Xlj=i analogue to X]j'=i but obtained using 
the cycles 7t[, . . . ,7r^/, is such that its image is contained either in (5'(7ri), (F*(T(M)) fl 
S{7ri))i(^ZT 4>) or in some [M, , (p)'^'?^^'^'^'' with £:(7r^) 7^ e(7ri). Thus by adding such mor- 
phisms ^^^=1 Cj together we get that (M, F^, 0) is a direct summand of ©^^^(M, F^, 0)®'^.n 

4.2.9. The projector iao- We fix a direct sum decomposition 

©,eN(M, F\ 0)®^ = (M, F\cP)® (M^, (F^(T(M)) n M^),ez, 4>) 

such that M is a direct summand of ©^^^M®* (cf. Proposition 4.2.8). Thus M is also 
naturally a direct summand of T(M). Therefore there exists ao G 5 such that is a 
projector of 7{M) on As M is a direct summand of ©^^^M®'', we get that M* is a 
direct summand of ©^^^^M*®*. Thus we can identify 7{M) with a direct summand of T(M) 
and under this identification each ta is identified with a for some a G J. Let (D) be the 
direct summand of ®l^iH^{D)®'^ that corresponds to (M.F^^cj)) via The element 

i (of Subsubsection 4.2.7) takes i^\L\D) B+{W{k))) onto M (g)vK(fc) B+{W{k)). We 
have L^{D) = Va„{7{H^ (D))) and therefore Gal(S(A;)) normalizes L^{D). As we have 
w, e B+{W{k)) for aU i G {1,... ,n + m} and as M C ©;=lM®^ the B+ {W {k))[j^]- 
linear isomorphism 

iD[^] : M B+iWik))[h^L\D) B+{W{k))[h 

Po Po Po 

induced naturally by ^^[^1, induces via restriction a S"''(W^(A;))-linear monomorphism 
io : M <»w{k) B+{W{k)) L\D) B+{W{k)). 

4.2.10. Proposition. The B^{W{k)) -linear monomorphism Id '■ M (^^^^ B^ {W {k)) ^ 
L^{D) B^{W{k)) defined by if) is io- In particular, we have L^{D) = H^{D). 

Proof: As the crystalline representations of Gal{B{k)) over Qp are stable under subobjects 
that are direct summands (see [Fo3, Subsect. 5.5]), we can identify naturally the triples 
{inij^], H^{D)[^], {va)ae3) = {'ioi^], L^{D)[^], {va)a€3) and therefore we only need to 
check that H^{D) = L^{D). To check this it suffices to consider the case when tt is 
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a cycle tti = {ii, . . . ,iq) (of. Subsection 4.1.2); thus q = n + m and s{7ri) = m. If 
w G {1, . . . , r}, then the element t (of Subsubsection 4.2.7) takes a^jj^i^ ® 5w+«2 ® • ■ • ® 
a^+ir e B~^{W{k)) to itself times 

«;(«;) := J] ^ S+(W^(/c)). 

We have qk{w{w)) = HjCi'''^ qk{ww+ij)- But qk{ww+ij) up to a G^(y(/c)/py(A;))-multiple 

is of the form p p p' -^ modulo where - G {0, 1} and rji^ . G { — 1, ... , r — 2} (see 
the end of Subsubsection 4.2.7). At most one of Si 's is 1. The n 's are distinct 
(as modulo r is uniquely determined by j G {I,-- - , ^^(Tri)}) and their number is 
exactly ^e{7ri) and thus it is at most r. Thus qk{w{w)) is the image in V{k)/pV{k) of an 

element of V(k) whose p-adic valuation is at most ^ + X]^=-i ^^ri = p + ^^-^^j^-) = 
This last p-adic valuation is if and only if ^s{7ri) = r i.e., if and only if we have 
n -\- m — q = sij^i) = fin. These last equalities are equivalent to n = 0. In particular we 
get that if either n > or p > 2, then qk{w{w)) ^ 0. 

We check that H^{D) = L^{D) in the case when (n, p) = (0, 2). In this case we can as- 
sume (n, m) = (0, 1). As H^{D) has rank 1, there exists s eZ such that H'^{D) = p''L^{D). 
As «^ is strict with filtrations, we have wi G F^{B^(W{k))). Therefore w{w) = Hl^i '^i ^ 

F'^{B+{W{k)) is congruent modulo FP{B+{W{k))) to Co times an element of B+{W{k)) 

1 

whose image through q^ is pp(p-i) modulo p, cf. the last part of the previous paragraph. 
Thus w{w) is congruent modulo FP{B+{W{k))) to a G^(S+(W^(A;))/FP(S+(Ti^(A;))))- 
multiple of Po modulo F^ {B~^ {W (k))) (cf. end of Subsubsection 2.2.1). On the other hand 
we have Im(iz)) = p^L^{D) /3oB+{B{k)) and therefore w{w) is a Gm{B+ {W (k)))- 
multiple of p'Po. As the F(/c)-module gr^ = Fi(S+(W^(A;)))/Ff (5+(W^(/c))) is torsion 
free, we have s = 0. Therefore we have H^(D) = L^{D) if n = and p = 2. 

We check that H^{D) = L^{D) in the case when either n > or p > 2. We first show 
that we have an inclusion H'^{D) C L'^{D). If p = 2 and n > 0, then L'^{Di) := H^{D) D 
L^{D) is a Zp-submodule of H^{D) with the property that io factors through the inclusion 
L\Di)^z^B+{W{k)) ^ H^{D)^z^B+{W{k)) (cf. the fact that io is a 5+(I^(A;))-linear 
monomorphism) ; as in the proof of Lemma 2.2.3 (applied with L^{Di) instead of H^{Di)) 
we argue first that p annihilates H'^{D) / L^{Di) and second that H^{D) = L^{Di) C 
L^{D). If p > 2, then the equality H^iD) f] L^{D) = H^{D) is implied by the fact that 
Coker(j£)) is annihilated by Ai G V{k) \ pV{k) (see the end of Subsubsection 2.2.2). 

Thus we always have H^{D) C L^{D) and therefore in the dual context we have 
an inclusion : L^{D)* ^ Tp{D) = H^{D)*. As either n > or p > 2, we 

have qk{w{w)) ^ for all w G {1,... ,r}. This implies that the Fp-linear map s\) : 
{D)* / pL^ (D)* — > M* ®w{k) V{k)/pV{k) that is the natural analogue of the map sd 
(of the proof of Proposition 4.2.5) is injective. But s]^ is the composite of ^ modulo p 
with Sd- Thus jj-, f) modulo p is injective and therefore jj-, f) is an isomorphism. Thus we 
have H^{D) = L^{D) if either n > or p > 2. If we have ^^(Tr/) <p — 2 for all cycles tt/ of 
TT (with I G e(7r)), then the identity H^{D) = L^{D) is also implied by [Fa2, Thm. 5]. □ 
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4.2.11. End of the proof of 1.2 and 4.1.4. As T = (5 is generated by conjugates 
of jl via powers of (sec Subsection 4.2.6), the image of T in GLm is the subtorus 
To of T. Thus the automorphism of M ^w{k) -^"'~(^(^)) [/|^] defined by the element t 
of Subsubsection 4.2.7 is an element t e To{B+ {W {k))[j^]) that takes the B+{W{k))- 
submodule {iD[j^])-HH\D) B+{W{k))) of M ®w{k) B+{W{k))[j^] onto M ®w{k) 
B^ {W {k))\ here we used the fact (see Proposition 4.2.10) that we have H^{D) ~ L^{D) 
regardless of what tt is. As Tq is a subtorus of T, we have t e T{B^{W{k))[-0^]) and thus 
Theorem 4.1.4 holds. This ends the proofs of Theorem 4.1.4 and the Main Theorem. □ 

4.3. Example. We consider the case when T = Tq has rank 2. There exist two subcases: 

(a) all Newton polygon slopes of (M, 0) are | , or 

(b) the Newton polygon slopes of (M, (j)) are elements of the set {0, |, 1}, the multi- 
plicity of the Newton polygon slope | is positive, and either the multiplicity of the Newton 
polygon slope or of the Newton polygon slope 1 is positive. 

In the subcase (a) we have n = m and Ti has rank 2. This is so as we can choose !B 
such that we have 7r(z) = i + n for alH G {1, . . . , n}. As Tq = Ti, Lemma 4.2.1 applies. 

We consider the subcase (b). Let M = Mq © Mi © Mi be the Newton polygon 

slope decomposition of (M, 0); thus for v e {0, |, 1} all Newton polygon slopes of {My, (p) 
are v. For s e {0, 1} let M| := Mi fl F*. We have a direct sum decomposition Mi = 

2 2 2 

Ml © Ml . We have no a priori relation between n and m. The torus Ti is the center 

2 2 

of GIfM„ Xspec(W'(fc)) GLm\ Xspec(w^(fc)) GLj^o^ Xspec(iv(fc)) GLm^- Thus Ti has rank 4 if 

2 2 

Ml and Mq are non-zero and has rank 3 otherwise. To fix the ideas we will assume that 
there exist numbers qq & {0, . . . ,n} and qi & {0, . . . , m} such that {1, ... , qo,n + 'm + 1 — 
qi, . . . ,n + m} is the set of elements fixed by tt and we have 7r{qo + s) = n + m + l — qi — s 
for all s G {1, . . . , n — go}- We have qo + qi > and n — qo = m — qi > 0. We can choose 
quiwi) G V{k)/pV{k) to be a GrniV {k) / pV {k))-Tmx\ti\>\e of the reduction modulo p of the 
following elements of V{k) (cf. Proposition 4.2.5): 

(i) 1 for ?; G {1, . . . ,go}; 

(ii) (— p) p(p-i) for i G {n + m -|- 1 — gi, . . . , n -|- m}; 

1 

(iii) (— p) p(p^^i) for i G {go + 1, • • • , n); 

(iv) {—p) p'^-^pp for i G {n -|- 1, . . . ,n + m — qi}. 

The value of (ii) is the product of the values of (iii) and (iv). We have o(7r) = 2 and 
n(7r) = maxjgo, n — go, gi}. If gi > 0, then To is the closed subgroup scheme of GLm that 
fixes the following three types of tensors fixed by 0: 

- all endomorphisms of (M, 0) , 

- the elements G M for z G {1, . . . , go}, and 

-the elements aqo+s<S>an+m+i-qi-8<S>a*+an+m+i-qi-s<S>aqo+8<S>a* G M®^(S)w(k)M*, 
with s G {1, ... ,n — go} and with zG{n-|-m-|-l — gi,... ,n + m}. 
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4.4. Proof of Corollary 1.4. We continue to assume that k = k but we come back to 
the general situation of Subsection 1.1. Thus G is not any more assumed to be a torus. 
We take // := Hcam cf- Subsection 2.1. Let cr^, M^^, and Gz^ be as in Subsection 2.5.1. 

Let Gmin.B(fc) bc the smallest subgroup of GLj^^i^ that contains the images of con- 
jugates of HB{k) under powers of 0; it is connected and we have (/>(Lie(Gmin,B(fc))) — 
Lie(Gmin,B(fc)). Let Gmin be the schematic closure of Gmin,B(fe) in GLm- As G is normal- 
ized by (7<j!, and as ji factors through G, Gs^k) contains the images of conjugates of //B(fc) 
under powers of (p. Thus Gmin is a closed subgroup scheme of G. From Lemma 2.5.3 we 
get that Gmin is the pull back to Spec(VF(A;)) of a flat, closed subgroup scheme Gmin,Zp of 
Gi . Let Gmin,Q be the generic fibre of Gmin,z • Groups like Gmin,Q were first considered 
in fwi, Prop. 4.2.3]. 

Let M e NU {0} be the largest number such that GJ^ is a quotient of Gmin,Qp- The 
image of fiB{k) in (extended to B[k)) is defined over Qp and it is normalized by both 
cr^ and (j). From the very definition of G'min,B(A:) we get that this image is (extended 
to B{k)) and therefore we have u e {0, 1}. The relation u e {0, 1} also follows from the 
fact that each crystalline representation of Gal(S(/c)) of rank 1 is isomorphic to a tensor 
power of the cyclotomic character of Gdl{B{k)). 

In this paragraph we assume that u = 1. Let Gmin^Q^ be the normal, connected 
subgroup of Gmin,Qp such that Gmin.Qp/G^^in is isomorphic to G^^. The image of jj. is not 
contained in Gj^i^ q ^'^'^ thus ^ is non-trivial. This implies that Gmin,Qp is not contained 
in ^Ljv^^^fi] := GLj^^^^ij. Therefore Gmin,Qp/[G'inin,Qp r\SLj^^^^^^ is isomorphic to G^. 
This implies that G^^^ is the identity component of Gmin,Qp r\SLj^^ ji]. Therefore the 
restriction homomorphism }iom{GL]^^ jij, Gm) Hom(Gniin,Qp, G^^) has finite cokernel. 

If w = 0, the homomorphism }iom{GL]<^^ [i],Gm) — IIom(Ginin,Qp5 G^) has trivial 
codomain and therefore it is onto. 

Thus regardless of what u is, Hom((jLjy^ rii,Gm) — ^ Hom(Gniin.Qi,7 ^^m) has finite 
cokernel. Therefore Gmin,Qp is the subgroup of GL^^ ji] that fixes a family of tensors 
(^a)a63min of '''(-^Zp [p])? cf. [De2, Prop. 3.1 c)]. As for each a E 3min the tensor is fixed 
by both HB(k) and cr^, we have t^^ E {x E {7(M))[^]\(j){x) = x}. Let {va)aeSn^in be the 
family of tensors of 7{H^(D))[^] that corresponds to itct)cte3iT,in Fontaine comparison 
theory for D. Let G^jn be the schematic closure in GLhi^^b,^ of the subgroup of GL^i(^j^-^\^i]^ 
that fixes each with a E 3min- The group G^j^^ is a subgroup of G'^*; thus if G^^ is a 
torus, then G^j^^ is a subtorus of G^^. li p — 2 and the condition (C) holds for (M, G), 
then as Gmin C G we get that the condition (C) holds as well for (M, 0, Gmin)- 

Based on the last paragraph and the fact that we have an inclusion Gmin ^ G, we 
get that to prove the Corollary 1.4 we can assume that ^ = tJmin is a subset of ^Jtwist, that 
G = Gmin, and that {tiy)ae3 is the family of all tensors of {x E F°(T(M)) [-] |^(x) = x}. 

Let W E W, cf. the notations of Corollary. From the functorial aspects of the 
canonical split cocharacters we get that W is normalized by the image of /Xcan- From this 
and the fact that 0(M^[|]) = we get that W[^] is normalized by all conjugates of jisik) 
under powers of 0. This implies that each W is normalized by G = Gmin- 
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Let p : (M, {ta)ae3) ~^ {H^{D) W{k), {fJa)a€3) be an isomorphism as in the Main 
Theorem. Let p : 7{M) ■^7{H^{D) W{k)) be the isomorphism induced by p. 

We check that for each G W we have p{W) = W"^ W{k). As inl^] ■ 
M B+{W{k))[l]^H\D) B+{W{k))[l] maps W ^^(k) B+{W{k))[j^] to 

M^^'* B+{W{k))[^], to check that we have p(W) = W""^ ®z„ Wik) it suffices to show 
that the i?"'"(VF(A;))[^]-Iinear automorphism no '■= ■^d[^]~^ o PB+{w{k))[^\ of ^ ®w{k) 
B^{W{k))[-0^] normaUzes VF(8)vK(A;)-S^(W^(^))[^]- Asnu fixes each element to, with a e J, 
we have no & Cl{B^{W{k))[^]). As is normahzed by G, we get that no normahzes 

W ®w{k) B+{W{k))[j^]. Thus we have p{W) = W"^ W{k) for aU G W. 

To end the proof of CoroUary 1.4 we are left to show that we can choose p such 
that it maps to. to Vq, for all a G Jtwist- To check this let D :— D (B ppoa. The 
Dieudonne module of D is (M, 0) := (M» ® (Vr(A;),pcr). The Hodge filtration of 
M defined by D is := ® Let (F*(T(M)) be the filtration of T(M) de- 

fined by F^. Let /i : — > GLj^ be the inverse of the canonical split cocharacter 
of (M,F^0); it acts on M as /U does (cf. the functorial properties of canonical split 
cocharacters). Let {ia)^(^g be the family of all tensors of F^{7{M))[^] fixed by (j). Let 

{va)^^g be the family of tensors of 7{H^{D))[^] that corresponds to {ia)^(^g via Fontaine 
comparison theory for D. Let p : {M, (ta)^^g) ^ {H^{D), {voi)^^g), cf. Main The- 
orem applied to D. By composing p with an automorphism of (M, (^ajaeg) defined 
by an element of the image of jj,{W{k)) : Gm{W{k)) — > GLj^{W{k)) we can assume 
that p takes each element t of the set Ui^z{x G F'^{7{W{k))\{pa){x) = p^x} to the 
element v of 7{H^{fipcc)) that corresponds to t via Fontaine comparison theory. Let 
p : (M, (to)Q;eg) ^ {H^{D) ®Zp W{k), {vci)ae3) be defined by the restriction of p to M. 
For a G ^twist, let z G Z be such that & {x e F"(T(M)) [i] |(/)(a;) = p^x}. Let t_i be a 
generator of the Zp-module {x G F~'^{7{W{k))\{pa){x) = p~^x}. 

We have ta®t-i G {x G F^{7{M))[^]\4){x) = x}. Thus p maps ta ®t-i to •Wq, 
where v_i corresponds to t-i via Fontaine comparison theory for /Xpoo. As p also maps 
t-i to we conclude that p and thus also p maps to v^. Therefore we can take 
Ptwist : (M, (ta)aeatwist) ^ (^^(^) K)a€atwist) to be defined by p. □ 

4.4.1. Example. Suppose that the hypotheses of the Main Theorem hold and we have 

an isogeny Xd : D ^ D\ Let Xm : M x M ^ W{k) and Xhi(d) ■ H^{D) x H^{D) Zp 
be bilinear forms on M and H^{D) defined naturally by A^. We can naturally view Am 
as a tensor of {x G F"^(M*®^)|(/)(x) = p~^x}. From Corollary 1.4 we get that there exists 
an isomorphism p : (M, (ta)aea) ~^ iH^{D), i'^a)aed) such, that for all x, y E M we have 
XMix,y) = XHi{D){p{x),piy)). 

4.5. Remarks, (a) Suppose that the hypotheses of the Main Theorem hold. If G is not 
smooth or if G is smooth but Gk is not connected, then we do not know when there exists 
an isomorphism '■ {Mz^, {tajoies) ~* {H^{D), {voi)aed) (cf- the limitations of Lemma 
2.5.2 (a)). But the proofs of Lemma 3.4.3 and Theorem 3.5.1 can be adapted to show that 
we can always choose the cocharacter p, : Gm — > G so that the isomorphism pz^ does exist. 
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(b) Let G{W{k))^ be as in Subsection 2.6. Suppose that p = 2, that k = k, and that 
there exists no h G G{W{k))^ such that (M, hep) has both Newton polygon slopes and 1 
with positive multiplicities. Then the Main Theorem continues to hold. This is so as due 
to Remark 3.4.4 (b), Subsections 3.5 and 4.2 apply entirely. 

5. The ramified context 

Let^A; be again an arbitrary perfect field of characteristic p > 0. Let V, K, e, X, 
/e, -Re, -Re, ^fc, and ie be as in Subsection 2.2. Thus V = W{k)[[X]]/{fe). The p-&d\c 
completion of ^R^/w{k) is RedX. For e N we consider the ideals leio) '■= {Z^^o ^n^" £ 
R^\ao = ■■■ = aq_i = 0} and /e(g) := {Z)^o ^n-'^" e -Re|ao = • • • = aq_i=o} of Re and 
Re (respectively). We have /e(q') = Re'^Iei'i)- In this Section we study ramified analogues 
of the Main Theorem over Re and Re- Some preliminaries are gathered in Subsection 5.1. 
Theorem 5.2 refines the deformation theory of [Fa2, Ch. 7]. See Subsections 5.3 and 5.4 
for the main results of this Section. The counterexample of Subsection 5.5 emphasizes that 
for p > 2 the hypotheses of Theorem 5.3 are needed in general. 

5.1. The setting. Let H be a 7?-divisible group over Spec(V). Let {N,(j)N,V n) be the 
evaluation of 'U{Hv/pv) at the thickening associated naturally to the closed embedding 
Spec(V/py) "-^ Spec(i?e)- Thus AT is a free i?e-niodule of rank equal to the height of if, 
(pN : N N is a $yt -linear endomorphism, and V n '■ N ^ N ^ RedX is a connection 
on N with respect to which ^at is horizontal i.e., we have Vn ° <Pn — {<Pn ® d^k) o Vat- 
The connection Vat is integrable and nilpotent modulo p. 

5.1.1. Uniqueness of connections. If Vat is a connection on such that we have 
Vat o 4>n = {4>N ® d^k) ° Vat, then as ^k{^) — X'^ by induction on g G N we get 
Vat - Vat £ X^Endfl^(Ar) dXRe[^]. Thus Vat = Vat- A similar argument shows that 
Vat modulo /e(?) is uniquely determined by $Af niodulo /e(?) and that the extension of 
Vat to a connection on Re (to be denoted also by Vat) is the unique connection 
such that the Probenius endomorphism $Af <8) $fc of AT Re is horizontal. 

5.1.2. Tensors. Let {F'{7{N / F^{Re)N)))i^-E be the filtration of T(Ar/Fi(i?e) AT) defined 
by the direct summand Fy of N / F^{Re)N that is the Hodge filtration of H. We consider a 
family (tHa)aeg of tensors of T(A^[-]) fixed by (j)]^ and whose images in 7{N / F^ {Re)N)[-] 
belong to F'^{7{N/F\Re)N))[l]\et H\H) := Tp{H},){-l). Let vhc e 7{H\H)[^]) 
correspond to tna via the i?"'"(14^(A;))-linear monomorphism in '■ N (E)r^ i^B~^{W{k)) ^ 
H^{H) B^{W{k)) obtained as ^_D of (1) was (this time in is Gal(ii')-invariant; see 
[Fa2, Sect.''4, p. 127] for the canonical action of Gal(K) on N i^B+{W{k))). 

Let (M, (/», (ta)aea) '■= (^, (^//a)aea) ®-Re Re/Iei'^)- Let GB{k) be the subgroup 
of GLjy^j 1] that fixes t — o: for all a E 3- Let G be the schematic closure of GB{k) in GLm- 

It is well known that there exist isomorphisms 

X: {M®w{k) Re[\4>®^k)^{N Re[\4)N®^k) 
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(to be compared with [Fa2, Sect. 6, p. 132] which works with Rg, instead of with Rf,). 
We choose such an isomorphism % that hfts lM[i]- There exists no element of T(M)[^] ® 

/e(l)[^] fixed hy (f) ® This imphes (i) that % is the unique such isomorphism that 

hfts arid (ii) that each tua is the extension of ta via the i?e[^]-hnear isomorphism 

T(M)[i] ^e[^] ^T(iV)[i] induced by %. 

Thus we can speak about the smooth subgroup scheme of GLj^ji] that fixes 

tna for all ck e 0; it is isomorphic to G Xspec(w(fc)) Spec(i?e[^])- 

5.1.3. Three possible ramified analogues. \i k = k^ then one would like to know if 
any one of the following three conditions holds: 

(i) there exists an isomorphism (iV, (tHa)ae0) ^ {H^{H) Oz^ Re, {vHa)a&d)'-> 

(ii) there exists an isomorphism (M, {ta)ae3) ^ {H^{H) W{k), {vHa)ae3)', 

(iii) there exists an isomorphism {N/F^{Re)N, (tHa)aea) ^ {H^{H)<^ZpV, {vHa)a€3)- 
Obviously condition (i) implies condition (ii). 

In this paragraph we assume that e < p — 1. It is known that there exists an 
isomorphism {M, {ta)aeB) ~* i^/ ^^iRe)N, {tHa)ae3), ^f- [La, Thm. 2.1]. Thus condition 
(ii) implies condition (iii). If we know that G is smooth, then as in the proof of Lemma 
2.5.2 (b) we argue that conditions (iii) and (iii) are equivalent. 

5.1.4. Condition (L). Until Subsection 5.5 we will assume that the following (liftable 

type of) condition holds: 

(L) there exists a direct summand F\ of N that lifts Fy and such that we have tua G 
F°(T(iV))[i] for all aed, where {F'{7{N)))iez is the filtration of7{N) defined by F^^. 

The condition (L) is a necessary condition to be able to lift the pair (H, {tHa)aed) ^'^ 
an analogue pair {Hr^, {tHa)ae3) o^^r Spec(i?e)- The goals of this Section are to show that 
for p > 2 condition (L) is also sufficient for the existence of the lift {Hr^, {tnajaed) and 
to obtain a ramified analogue of the Main Theorem (see Subsections 5.3 and 5.4 below). 

5.1.5. Extra notations. Let F^ := F}^^®R^Re/ Ie{l)- Let M = F^®F^ and : ^ G 
be as in Subsection 2.1; these notations make sense even if p = 2 and (M, F^,(f)) is not the 
filtered Dieudonne module of a p-divisible group over Spec(VF(A;)). 

Let G' be as in Subsection 2.6. Let Q be as in Theorem 3.2 (c). Let $q and Mq = 
(M ^w{k) ^w{k) $(Q)*^7 ^{QV) be obtained as in Subsubsection 3.1.2 (a) using 

the morphism £ : Spec{Q) Y'^ of Theorem 3.2 (c). Let a° : Spec(VF(/c)) ^ Spec((5) and 
Voo be as in the beginning of Subsection 3.4. Let /° be the ideal of Q that defines the 
section a°. Let Mg := (M ^w{k) Q, F'^ ^w{k) Q,^{Q)°)- 

5.1.6. Extensions. Let niH : Q — -Re be a VF(/c)-homomorphism that maps to /e(l)- 
We denote also by mn the resulting morphism Spec(i?e) Spec{Q). By the extension of 
(Mq, Voo) ita)a€d) through niH we mean the quintuple 

{M <Siw{k) Re,F^ ®W{k) Rei^niH^^mH, {ta)ae3), 
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where (M i?e) ^mj^ > Vmi^) is the evaluation at the thickening {Spec{Re/pRe) ^ 

Spcc(i?e),5(p)) of the pull back to CRIS{Spec{Re/pRe)/Spec{W{k))) of the F-crystal 
on CRIS{Spec{Q/pQ)/Spcc{W{k))) whose evaluation at the thickening {Spec{Q/pQ) >• 
Spec((5), is (M Q, $((5)'^, Voo)- Thus $m/f is defined using a correction auto- 

morphism ^ as in the proof of Theorem 3.4.1 and is the unique connection on M^yyf^j^-^ 

Re with respect to which i^ horizontal. Similarly foiq^N we define the extension 

) of (M0,Voo,(ta)a6a) 

through a VF(A;)-homomorphism mH{q) '■ Q — > Re/Ieio) = Re/Ieio) that maps 1° to 

Ieil)/Ie{q) = Ie{l)/Ieiq). 

5.2. Theorem. If p = 2 we assume that {M,F^,(f)) is the filtered Dieudonne module 
of a p- divisible group D over Spec(W(k)). We recall that the condition 5.1.4 (L) holds. 
Then there exists a W {k)-homomorphism mu : Q ^ Re such that mH^I^) ^ /e(l) and the 
quintuple (N (S)r^ Re,F^^ Re,(f)N 'S> ^k,^N, {tHa)aed) isomorphic to the extension 
of (Mq, Voo) (tajaes) through tuh, under an isomorphism which modulo /e(l) is 1m- 

Proof: This proof is a group theoretical refinement of [Fa2, Sect. 7, pp. 135-136]. We 
can replace (Mq, Vqo, (^a)a6a) by its extension (M^, V^, (to,)^^^) to the completion R 
of Q with respect to the ideal 1° of Q (see Subsection 3.3 1); here := (M ®w{k) 
R,F^ <Siw{k) R:^{R)^)- We denote also by uih and mniq) their factorizations through 
VF(A;)-homomorphisms R ^ Re and R Re/Ie{q) (respectively). If p>3 let D be the 
p-divisible group over Spec(VF(fc)) whose filtered Dieudonne module is (M, F-^,</)). 

Let 2)^ be the unique p-divisible group over Spec(i?) that lifts D and such that the 
evaluation of its filtered Dieudonne crystal at the thickening (Spec(i?/pi?) ^ Spcc(i?), 5{p)) 
is (defined by) (M^, V^) (cf. proof of Theorem 3.4.1 applied with Qq = R). The nat- 
ural divided power structure of the ideal (pX) of VF(/c)[[X]]/(X^) is nilpotent. Thus 
there exists a unique p-divisible group i?M/(fc)[[x]]/(X'=) over Spec(VF(fc)[[X]]/(X'^)) that 
lifts both Hy/pY and D and such that the evaluation of the filtered Dieudonne crystal of 
Hw(k)[[x]]/{x^^) at the following thickening {Spcc{V/pV) ^ Spec{W{k)[[X]]/{X^)),5{p)) 
is {N,F^ ,</>Ar, Vat) modulo /e(e), cf. Grothcndieck-Messing deformation theory. 

By induction on g G N we construct a VF(/c)-homomorphism niHiq) '■ R — Re/Ie{q) 
that maps I*^ to Ie{l)/Ie{q) and such that the extension of (M^, V^^, (ta)a6a) through 
mniq) is isomorphic to (A^ Re, F^^^R^Re, (pN ® *fc, Vat, (t;/a)aea) modulo Ie{q), 
under an isomorphism which modulo Ie{l) / leiq) is defined by 1m- Such an isomorphism 
3q is unique as we have $^(/e(l)//e(?)) — 0. The construction of mnil) is obvious. 

The passage from to g -|- 1 goes as follows. We lift mniq) '- R — > Re/Ieio) to 
an arbitrary VF(A;)-homomorphism rfiH{q + 1) R ^ Re/IeiQ + !)• We endow the ideal 
Je{q) '-= Ie{q)/Ie{(l+ 1) oi Re/ Ie{q + 1) with the trivial divided power structiuc (thus 
(?)''' = if ^>2). We consider an identification Jg+i between (M ®w{k) Re/Ieio. + 
1), Fi+i, and {N®R^ Re,F^^ Re, 0Ar®^fc, Viv)jnodulo Ie{q + 1) 

which modulo Je{q) is Jg. Here -F^+i is a direct summand of M <Siw{k) Re/Ieio. + 1) that 
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lifts ^w{k) Re/Ieiq), lifts and Vj^^^^^^) lifts 

Vmjf(g)- III the next 

two paragraphs we show that we can choose Jg+i such that we have 

(20) {^'rhHiq+l)^^''rhH{q+l)) = (^m^ (g+1) ^ (g+i) ) . 

We first consider the case q < e. By a second induction on s G {1, . . . , g} we show 
that the pulls back of and -ffvK(fe)[[x]]/(X'=) to Spec(VF(/c)[[X]]/(X*)) are isomorphic, 
under a unique isomorphism whose evaluation at the thickening (Spec(/c[[X]]/(X^)) > 
Spec{W{k)[[X]]/{X')),S{p)) is J^; here the W^(A;)-homomorphism R W{k)[[X]]/{X') 
used for the pull back of 2)^ is mnis). The case s = 1 holds by constructions. Due to the 
existence of "^s+i for s < g — 1, the passage from s to s + 1 follows from the fact that Je{s) 
has a nilpotent divided power structure and from the Grothendieck-Messing deformation 
theory. This ends the second induction. Thus the Dieudonne crystals of the pulls back 
of and -ffvK(fc)[[x]]/(x<=) to Spec(VF(A;)[[X]]/(X^)) are canonically identified. Thus as 
Jeio) has a nilpotent divided power structure, we can choose J^+i such that (20) holds. 

We next consider the case q>e. We have ^»fe(/e(?)) Q pleiQ + 1) and thus for 
gq e Ker(GLjv(-Re) — GLN{Re/Ie{q))) the ^»fc-hnear map gq<^Ng~^ is of the form hq^N, 
where hq e GLj^{R^) is congruent modulo /e(9 + 1) to gq. When gq varies, ^^^(g+i) 
varies by a left multiple of it by an arbitrary element g^ e Ker(GLM(-Re/-fe(9 + !))"*■ 
GLM{Re/Ie{(l)))- We show that ^'rhH{q+i) is the form 

9q^fhH{q+i)^ where gq e Ker{GLM{Re/Ie{q + ^)) ^ GLM{Re/Ie{q)))- 

As ^kileiq)) ^ Ieiq+1) and as F^^i and i^"*^ <8)vK(fc) Re/^eiQ + 1) coincide modulo Jeiq)i 
we have ^g,^^^^ ^e//e(g + 1)) = ^'rh^^q+ijiFq+l) Q PM <»w(k) Re/Te{q + 1). 

Thus both and $mff(g+i) give birth to Re/Ie{q + l)-linear isomorphisms (M + 

^F^) (^w(k) aRe/Ieiq + 1) ^ M ®w{k) Re/hiq + !)• Thus indeed ^^^(^+1) is of the form 
9q^rhH{q+i)^ where gq E GLM{Re/Ie{q+'^))- As and coincide modulo 

Je{q)i Qq modulo Je{q) is the identity element. We choose gq such that g^ = g~^. By 
replacing {N i^r^ Re,F^^ <H)fle Re,(l>N <8) ^fc, Vjv, (*Ha)aea) with its conjugate under gq, 
we can choose J^+i such that ^^^(^+1) = ^rh^Cg+i)- Thus we also have V^^^^^^^ = 
VrhH(q+i) (^f- Subsubsection 5.1.1) and therefore (20) holds. 

From now on we take 'Jq+i such that (20) holds. As 'Jq+i lifts Jg and as no element of 
7{M) [i] (S>B(fc) Jeiq)[^] is fixed by ^^^^(g+i)? under the identification the image of t//Q, 

in 7{N®R^Rjh{q + l)[^]) gets identified with the tensor ta G T(M0vt.(fe) 5e/ie(g+l)[y ) 
(here a e 0). Thus we have 

*a e F°+i(T(M ^e//e(g + 1)))[^], 

where (Fg%i(T(M ^eAe(g + l))))iez is the filtration of 7{M ^w{k) Re/hiq + 1)) 

defined by F^^j. Let T(M) = ®i^zF'{7{M)) be as in Subsection 2.7. We have e 
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F0(T(M))[|] for all a e a and the filtration of T(M) defined by is {F'{7{M)))i^z, where 
F^(T(M)) := e~ ^F*(T(M)). Let F-\Endw{k)iM)), Uug, and U be as in Subsection 2.7. 

We identify 1m with Mt^^^^^RjT^iq+iy ^ ^~^(End;y(fe)(M)) ^w{k) Mq) 

be the unique element such that (1m + Uq+i){F^ ®w{k) Re/Ie{q + 1)) = Fq+i- We have 
(1m - Uq+i){ta) e F0(T(M))[^] Re/Ie{q+l)[^]. We view T(M) as a module over 

Endw{k){M) and thus also over Ue{U). As Uq+i e F-i(T(M)) and e -F°(T(M))[i], 
the component of (1m - Uq+i){ta) in F-^(T(M))[^] 0B{k) Re/hiq + 1)[^] is -ttq+i(ta)- 
But as (1m — Uq+i){to,) e F°(T(M))[i] Re/Ie{q + ^^e mentioned component 

is 0. Thus ttq+i annihilates to, for all a E d- But Lie(GB(A;)) is the Lie subalgebra of 
End B{k){M[^]) that centralizes ta for all a E d- Thus, as Je(?) is a free VF(A;)-module of 
rank 1, we have 

Uq+i e Ue{GB{k))^B{k)Re/h{q+i)[^](^F~^{Endw{k){M))^w{k)Je{q) = Ue{U)^w{k)Je{q)- 

We identify }iomw{k)iF^ , F^) with Endw{k){M) /Endw{k)iM)nF°{7{M)) and with 
Lie(t/big)- As respects the G-action (see Subsection 3.3 1)), the image of the Kodaira- 
Spencer map %^ ^^^r is contained in the image of (Lie(GB(fc))nEndvi/(A;)(Af))(8)v7(fc)-R in 
Homi4/(fc)(F^, Thus Im(lX!^) is contained in the direct summand Lie{U)(^wik) 

R of HomvK(fc)(-^^: F^) ®vi/(fc) R- We recall that we can identify R = W{k)[[zi, . . . , za]] 
in such a way that ^f^izi) = zf (see Subsections 3.1 and 3.3 1)). Also the $ ^-linear 

map ^(^R)^ of M <Siw(k) R (see Subsubsection 3.1.2 (a)) is ^univ(0® ^^)) where ^univ is the 
universal element ^univ of G'{R). Thus modulo (p, (zi, Z2, . . . , Zdy~^) is (^o-f/univ^^univ 
modulo {p, {zi, Z2, ■ ■ ■ , ZdY~^) (this can be read out from (11); see Subsubsection 3.1.2 (b) 
for So). As [/ is a closed subgroup scheme of G' , we get that the i?-submodule Im(3C^) of 
Ue{U) ®w{k) R surjects onto Lie{U) ®w{k) k. Therefore Im(3C^) = Lie{U) ^w{k) R. 

Asuq+i G Lie(t/)(g);4/(fc)Je(ij) we can write Wg+i = ^f^^ X;3<;^(^), where Xi E Je{q) 
and where we denote also by its reduction modulo Ie{q + 1)- Let mH{q + i) '■ R 

Re/Ie{q + i) be the VF(/c)-homomorphism that takes zi to m//(q' + l)(^z) —xi. By replacing 
m//(g + l) withm//(? + l), i^g+i S®*^ replaced by (lM-Wq+i)(^g+i) = ®w(fc) ^e/^e(? + 
1). Thus "Jq+i is defined by the identification of {M ®w(^k)Re/Ie{q + 'i-), F^ ®w(k) Re/Ie{q + 

l),*m«(q+l), V^^(q+l), (ta)Q:6a) with {N (g)R^ Re, F}^^ ® R-cAn ® $fe , Vat, (tiJa) aeS ) 

modulo If>{q + Ij- This ends the induction. 

Let ruH : R ^ Rehe such that it lifts all mH{qys. The extension of (M^, V^, {ta)ae3) 

through niH is isomorphic to {N Re, F\^ ®r^ Re, 4>n ® ^fc, Vat, (tHa)ae0)> under an 
isomorphism which modulo Ie{q) is for all q E'N. □ 

5.3. Theorem. Suppose that k — k, that p > 2, and that the condition 5.1.4 (L) holds. 
Then there exists an isomorphism pr^ : {N, (tHa)aea) ~^ iF[^{H) Re, {vHa)aed) ■ Thus 
the schematic closure o/G^^jij in GLn is a flat, closed subgroup scheme ofGLjsf that is 

isomorphic to G Xspec(iv(fc)) Spec{Re). 
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Proof: Let D be as in the proof of Theorem 5.2. As 7? > 2, let D be as in Theorem 
3.4.1 (b). Let (Vq,)q,£3 be as in Subsubsection 3.4.2. Let {va)aed be as in the end of 
Subsubsection 2.2.2. Let niH : Q — -Re be as in Theorem 5.2. Let Hi be the p-divisible 
group over Spec(y) that is the pull back of T) via the composite morphism Spec(y) = 
Spec(-Re/-^e(l)) ^ Spec(-Re) — ^ Spec((5) defined naturally by mn- Let the quadruple 
(A^i,#iVi, ViVi, (tf/ia)ae0) be the analogue of the quadruple (iV, *jv, Vjv, (tf/a)aea) but 
for Hi and the extension of {tci)oie3 ^be VF(/c)-homomorphism Q ^ V defined by mn- 
We can identify (A''!, (tHia)aea) = (-^ ®VF(fc) Re, ita)ae3), cf. also Subsubsection 5.L6. 

Let / : (A^l Re, ^N^^^k, Vn, , (t//ia)a€a) ^ {N®R^ Re, $7V®$fc, Vtv, (t//a)aea) 

be an isomorphism that takes the Hodge filtration of A'^i (^ji^ Re defined by m|^(D) 

onto (8>i?g Re, cf. Theorem 5.2. Let ^NiN be the $yt-linear endomorphism of 
Homii^(iVi, iV)[i] such that forx G Homij^ (iVi , iV) and 2/ G Ni wehave ^NiN{x){^Nt{y)) = 
^N{x{y)) e N. As ^k{Re) ^ -Re (see Subsection 2.2) we get that 

/ = ($iViiv®$fe)(/) e (Homfl^(iVi,iV) Re)nRoinR^{Ni,N)[-]=RoinR^{Ni,N). 

P 

Thus / is the extension to Re of an isomorphism / between (A^i, ^Ni, ^Ni, (^Hia)ae3) ^md 
(A'', $jv, Vat, (ti7a)Q;ea)- f respects also the Verschiebung maps (of $iVi and $Ar), / 
defines naturally an isomorphism fv/pv '■ ^{Hiy/py) ■^3{Hy/py). 

As V/pV = k[X]/{X^), Hy/pv is uniquely determined by its Dieudonne crystal 
I]>{Hy/py) (cf. [BM, Rm. 4.3.2 (i)]). Thus there exists a unique isomorphism Hy/pv '■ 
HiY/pV ^Hy/py such that BifiY/pv) = fv/pV- As p > 2 and f{F^~ ) = i^A, ®-Re Re, 
the isomorphism Hy/py lifts naturally to an isomorphism hy '■ Hi H (cf. Grothendieck- 
Messing deformation theory). 

Thus we can identify (^N, {tHajaes) with (A'^i, {tHia)aed) — (-^ ®w{k) Re, {tajaes) 
and {H\H),{vHa)aes) with (iy^^^Kg), (V«)aea) = {H\D),{v^)^^3). But we have 
(M, (t«)„ea) ^ (iyH^)®z^ W^(A;), (^^a)aea), cf. the Main Theorem applied to (D, (ta)aE3)- 
From the last two sentences we get the first part of the Theorem. The second part of the 
Theorem is a direct consequence of the first part. □ 

5.4. Remark. We refer to Theorem 5.2 with p > 2. Let uh : Q ^ Re he a W{k)- 
homomorphism such that following diagram is commutative 



Q 



riH 



Re 



ruH 



ev 



Re F; 



here niH is as in Theorem 5.2 and ey and ey are as in Subsection 2.2. Let Hr^ be the pull 
back of D (of Theorem 3.4.1 (b)) via the morphism Spec(-Re) Spec((5) defined by uh- 
Let (F^(T(Ar)))j£2 be the filtration of T'{N) defined by the direct summand of N that is 
the Hodge filtration of Hr^. The p-divisible group Hr^ over Spec(i?e) lifts H^ cf. proof of 
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Theorem 5.3 and the commutativity of the above diagram. For a e J, the tensor tua is the 
extension of ta e F°(T(M)) ®w{k) Q[-] via nn and therefore we have tua ^ -^o ('^(^))[~]- 
Thus indeed the condition 5.1.4 (L) is for p > 2 a, sufficient condition to hft {H, {tHa)aed) 
to an analogue pair {Hr^, {tHa)ae3) over Spec(i?e)- 

5.5. Counterexample. Suppose that e > 1, that k = k, and that there exists an 
embedding V C Let d G N. Let Ay be an abehan scheme over Ay which has complex 
multiplication and relative dimension d. Let A be the special fibre of Ay- We consider a 
semisimple, commutative Q-subalgebra B of End(Av) ®z Q of dimension 2d. There exist 
examples in which d = 1, ^ is a supersingular elliptic curve, B := Q.{\/—p), and e = 2. 

As 5 is a products of number fields, we can speak about the ring of integers Ob 
of B. Let Ob be the largest subring of such that Ay has complex multiplication 
hj Ob- By replacing Ay with an abelian scheme isogenous to it, we can assume that 
Ob — + pOb and that the Ob ®z Zp-module H^{D) is isomorphic to Ob ®z (this 
operation might enlarge V and e). Let {tuaW ^ ^} be the set of tensors of 7{N)[^] 

that are crystalline realizations of Hodge cycles on the generic fibre of Ay. Let Gq be 
the subgroup of GL^^(^^^^y^ that fixes vua for all a e J. The group schemes GB{k)i 

^iie[-]' ^^'^ ^Qp forms of the Mumford-Tate group of Ay Xspec(V) Spec(C) (see [De2, 
Sect. 3]) and therefore (as Ay Xspec(i/) Spec(C) has complex multiplication) are tori. The 
set {tuaW ^ ^} includes the endomorphisms of N[^] that are crystalline realizations of 
elements of O^. Thus Ob ®-L^p is a Zp-subalgebra of Endzp(-ff^(iy)) which as a Zp- 
submodule is a direct summand. 

(a) We show that the assumption that either the condition 5.1.3 (i) or the condition 
5.1.3 (ii) holds leads to a contradiction. We can assume that the condition 5.1.3 (ii) 
holds i.e., there exists an isomorphism p : {M,{tci)a.ed) ~^ {H^{H) W^(^), (fHa)aeg)- 
We write p4>p~^ = t(l//i(iif) ® cr), where t G G^^^Bik)). Thus t is an endomorphism 
of H^{H) W{k) whose Hodge slopes are 1 and with the same multiplicity d and 
which centralizes Ob- Thus we have t G Ob ®z W{k) — W{k)lM + pOb ®z W{k) and 
det(t) G p^Gm{W{k)). But as the Ob (8)z Zp-module H^{D) is isomorphic to Ob <8)z Zp, 
the determinant of t is either a unit or divisible by p^'^. Contradiction. 

(b) We assume that d=l and that the elliptic curve A is supersingular. Then G is 
the group scheme of invertible elements of the VF(/c)-algebra End(M) r\Lie{GB{k)) and thus 
it is a smooth, affine group scheme over W{k). We look at the O^-module M. The element 
X := P\f--p of Ob is an endomorphism of (M, (/)) such that X'^ = —p^. Using a VF(/c)-basis 
{ei, 62} for M such that (/>(ei) = 62 and 4>{e2) — pei, it is easy to see that the endomorphism 
X of (M, (f)) must be divisible by p. Therefore we have inclusions Ob ^ Ob ^ End(M, 0). 
As Ob ®z W{k) is a discrete valuation ring, the Ob ®z W{k)-mo(hAe M is free of rank 
1. Thus the O^-niodulc M/pM is isomorphic to Ob/pOb ®f k. But we have functorial 
identifications M/pM = Hl^{H/V) ®y k = {N/F^{Re)N) iy k = N k. Thus the 
O^-niodule {N / F^[Rg)N) ®y k is isomorphic to Ob/pOb ®¥p k and therefore it is not 
isomorphic to the Os-module H^{H) <SiZp k. Thus none of the three conditions 5.1.3 (i) to 
(iii) holds. 
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